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In the following the given PDE is assumed to be
AUyg + bugy + cuyy = G(T, Yy, u, Uy, uy).

Ex. 1. Let £ = £(z,y) and n = n(z,y) be a system of new coordinates. Show that the given
equation transforms to

Auge + Bugy + Cuyy + lower order terms

where

A = a(&)? 4 bty + c(&y)?
B = 2a&n; + b(’fmny + §y77m) + Qngny
C = a(nw)®+ bnany + c(ny)*.

Ex. 2. Let £ = &(x,y) and n = n(z,y) be a smooth system of coordinates. Show that
B? — 4AC = (b* — 4dac)(&xmy — &)
Hence conclude that the given PDE and the transformed PDE are of the same type.

Ex. 3. Let v be non-characteristic for the given equation. Let u, 8—;‘ be known along . Show
that the second partial derivatives of u are uniquely determined along ~.

Ex. 4. A curve v(s) := (z(s),y(s)) is characteristic for the given PDE iff its principal symbol

0'(5) = Q(ZII, y)&% + b($7 y)€1£2 + C(‘T7 y)&%

vanishes at its normal vector.

Ex. 5. Let the given PDE be hyperbolic. Assume that the new coordinates £ and 1 are such
that £ = constant and 1 = constant are characteristic. Show that A =0 = C' in the notation
of Ex. 1.

Ex. 6. When do you say that the given PDE is hyperbolic, parabolic or elliptic? Give an
example of each type. Give an example of a PDE which exhibits all these types. (Tricomi’s
equation ty, — YUz, = 0 is one such.)



Ex. 7. What are the canonical forms of the given PDE?

Ex. 8. Classify according to type:
(a) Ugy + 2YUgy + TUyy — Uy +u = 0.
(b) 2zyugy + zuy + yu, = 0.

Ex. 9. Classify according to type and find the characteristics of
(a) 2ugy — 4ugy — OBuyy + uy = 0.
(b) dugy, + 12uxy + Yuyy — 2uy +u = 0.

(¢) gz — 2Pyuy, =0, (y>0)

(d) e*ugy + 26" Yy, + €Yy, = 0.

Ex. 10. Find the characteristics of Uz, + 2uzy + sin? zuy = 0.
Ex. 11. Find the characteristics of (1 — 2%)uzy — 1y, = 0 in the hyperbolic case.

Ex. 12. Transform the equation into a canonical form:
(a) 2ugy — 4ugy — 6uyy +u, = 0.
(b) 4ugy + 12ugy + Yuyy — 2uy +u = 0.

Ex. 13. Find the type, characteristic curves and the canonical form of the following equa-
tions. Use the canonical form to find the general solution.

(a) TUgy + 22%Uyy = uy — 1. Answer: u(z,y) =z + f(2? —y) + g(y).

(b) 3ugs + 10ugy + 3uyy = 0. Answer: u(z,y) = f(y — 3z) + g(y — z/3).

Ex. 14. Reduce to canonical from:

(a) um + Sugy + Guyy = 0.

(b) 22Uy — 22YUsy + Y2uyy = €. Answer: u,, = z—g% + n%exp(f/n), where £ = zy and
n=y.

Ex. 15. Classify and reduce the equation
Ugy — 281N TUgy — cos? TUgy — COSTUYy = 0
to canonical form and hence solve it. Answer: u(z,y) = f(y —x — cosz) + g(y + = — cos x).

Ex. 16. Reduce the Tricomi equation uz; + zuy, = 0 in its domain of hyperbolicity to its
canonical form. Answer: ug, = @(% — Up).

Ex. 17. Reduce the equation yu,, = (x + y)uxy + 2uyy = 0 to its canonical form where it is
hyperbolic and solve it there.

Ex. 18. Reduce the following equations to a canonical form and hence find general solutions.

(a) Yuge+ (2 +y)ugy+xuyy = 0, in the hyperbolic case. Answer: u(z,y) = % [ f(n)dn+g(&)

where ¢ =y — x and n = y? — 22.

(b) Uge + 2ugy + uyy = 0.

2 2, _ Yy z?
(€) Y tar — 22YUay + T Uy = Lug + Tuy.

2 2 2 2
(d) Y Uge — 4YUgy + 3T Uyy — Luy + %uy =0.



