One Dimensional Wave Equation

S. Kumaresan
School of Math. and Stat.
University of Hyderabad

Hyderabad 500046
kumaresa@gmail.com

Ex. 1. Find the characteristics of the wave equation wuy — c?ugz, = 0, transform it to a
canonical form and find its general solution.

Ex. 2. Solve the initial value problem for the wave equation uy — ¢z, = 0 with the Cauchy
data u(z,0) = g(x) and uy(z,0) = h(x). Answer is given by d’Alembert’s formula:

z+ct
u(z,t) = %[g(a: +ct) — g(x — ct)] + % /_ t h(s)ds.

Ex. 3. Explain the concepts ‘domain of dependence’, ‘range of influence’ and ‘finite propa-
gation speed’ associated with the solution of the initial value problem of the wave equation
with Cauchy data.

Ex. 4. Use the method of separation of variables to solve the initial-boundary value problem
Upt — Uge = 0, O<x<mandt>0
u(z,0) =1 ut(z,0) =0 for0<z<m
u(0,t) =0 u(m,t) =0 fort>0.

Ex. 5. Solve the Cauchy problem for the wave equation us — uz, = 0 with the Cauchy data
u(z,0) = 0 and uy(z,0) = cosz. Answer: u(x,t) = coszsint.

Ex. 6. Solve the Cauchy problem for the wave equation usy — 16uy, = 0 with the Cauchy
data u(x,0) = 6sin? 2 and w(x,0) = cos(6z).

Ex. 7. Assume that u(z,t) is a solution of the wave equation uy — uze = 0 for z € (0,1) and
t > 0 with the Cauchy data u(0,t) =0 = u(1,t) for ¢t > 0, u(x,0) = f(x) and u(z,0) = g(z)
for z € (0,1). Consider the energy integral

1
B(0) 1= [ (a0 + (o, 0))?] do.
0
Show that the energy is conserved, i.e. E(t) = E(0) for t > 0. Use this to show that the
Cauchy problem for the wave equation is well-posed and that it admits a unique solution.
Ex. 8. Solve the nonhomogeneous wave equation

Utt — Ugg = f(.%’,t) (1)
u(z,0) = g(x) ut(x,0) = h(z).



Hint: Use Green’s (divergence) theorem to evaluate [ [(uy — ugg)dzdt over the region
bounded by the characteristics through the point (z,t) and the line segment between the
points (x —¢,0) and (z +¢,0). Answer is given by d’Alembert’s formula:

T+t
u(z,t) = %[g(x +1t)—glz—1t)] + % /t h(o) do

x4 (t— 7')
/ / F(o,7)dodr.
(t—7)

Ex. 9 (Duhamel’s Principle). Let U(x,t,s) be C? in 2 and ¢ ad continuous in s and be a
solution of

Utt—CQsz = 0 forzeRt>s>0
U(x,0,s) = 0 forzeR,s>0
Ui(x,0,8) = f(x,s) forzeR,s>0.

Let v(z,t) be defined by
t
v(x,t) = / U(z,t—s,s)ds.
0
T+t

u(z,t) == v(x,t) + %[g(:c +t)—glx—1t)] + % /—t h(c) do

Then

is the solution of the nonhomogeneous problem of the wave equation.



