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LUB property of R and its consequences

. Field of real numbers; We reviewed the order relations and the standard results on the

manipulation of inequalities.

. We say that a real number « is an upper bound of A if, for each x € A, we have z < a.

(Geometrically, this means that elements of A are to the left of o on the number line.)

A real number ( is not an upper bound of A if there exists at least one z € A such that
x> .

If « is an upper bound of A and o’ > «, then o is an upper bound of A.

Lower bounds of a nonempty subset of R are defined analogously.

If « is a lower bound of A, where can you find elements of A in the number line with
reference to a? When do you say a real number is not a lower bound of A?

There exists a lower bound for N in R. Does there exist an upper bound for N in R?
The answer is ‘No’ and it requires a proof which involves the single most important
property of R. See Item 19

. 0 # A C R is said to be bounded above in R if there exists a € R which is an upper

bound of A, that is, if there exists o € R such that for each x € A, we have x < a.
Subsets of R bounded below are defined analogously.

A is not bounded above in R if for each o € R, there exists z € A (which depends on
«) such that x > «. Can you visualize this in number line?

When do you say A C R is not bounded below in R?
Exercise:

(a) If ) # A C R is finite then an upper bound of A belongs to A.
(b) Let a be an upper bound of A C R. If a € A, then a = Lu.b. A.
(¢) Any lower bound of a nonempty subset A of R is less than or equal to an upper

bound of A.

Let ) # A C R be bounded above. A real number o € R is said to be a least upper
bound A if (i) « is an upper bound of A and (ii) if 5 is an upper bound of A, then
a < p.

If @ and (8 are least upper bounds of A, then o = 3, that is, least upper bound of a
(nonempty) subset (bounded above) is unique. We denote it by L.u.b. A.

a € R is the least upper bound of A iff (i) « is an upper bound of A and (ii) if 5 < «,
then (5 is not an upper bound of A, that is, if 5 < «, then there exists x € A such that
x> .

If an upper bound « of A belongs to A, then Lu.b. A = a.

A greatest lower bound of a subset of R bounded below in R is defined analogously.
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What are the results for glb’s analogous to those in Items 11-137

Let A= (0,1):={x € R:0< x < 1}. Then Lu.b. A =1 and glb. A =0. To prove
the first observe that if 0 < 5 < 1, then (14 3)/2 € A.

The LUB property of R: Given any nonempty subset of R which is bounded above,
there exists a € R such that o = L.u.b. A.

Thus, any subset of R which has an upper bound in R has the lub in R.
Note that L.u.b. A need not be in A.

The LUP property of R is the single most important property of the real number
system and all key results in real analysis depend on it. It is also known as the Order-
completeness of R.

The field Q though is an ordered field does not enjoy the lub property. We shall see
later that the subset {z € Q : 22 < 2} is bounded above in Q and does not have an lub

n Q.

As a first application of the LUB property, we established the Archimedean property
(AP1) of N: N is not bounded above in R. That is, given any x € R, there exists n € N
such that z > n.

Sketch of proof: Proof by contradiction. Assume that N is bounded above in R. Using
LUB property, let o € R be l.u.b. N. Then for each k € N, we have k < a. For each
k€N, k+ 1 € N. Hence for each k € N, we have k + 1 < «, so that for each k € N, we
have k < o — 1. That is, & — 1 is an upper bound for N. Now complete the proof.

2nd Version of the Archimedean Property (AP2) of N: Given z,y € R with 2 > 0, there
exists n € N such that naz > y. (This version is the basis of all units and measurements!)

Sketch of a proof: Proof by contradiction. If false, then for each n € N, we must have
nx <y so that n <y/x. That is, y/x is an upper bound for N.

In fact, both the Archimedean principles are equivalent. We now show that AP2 implies
AP1.

Enough to show that no o € R is an upper bound of N. Given «, let x =1 and y = a.
Then by AP2, there exists n € N such that nz > y, that is, n > a.

Given x > 0, there exists n € N such that z > 1/n.

Use Item 22 to show: if # > 0, then 2 = 0 iff + < 1/n for each n € N. Typical
use in Analysis: when we want to show two real numbers a, b are equal, we show that
la —b] < 1/n for all n € N.

Exercise:

(a) Show that, for a,b € R, a <biff a <b+¢ for all € > 0.

(b) Prove by induction that 2" > n for all n € N. Hence conclude that for any given
€ > 0, there exists N € N such that if n > N, then 27" < e.

(c) Show that Z is neither bounded above nor bounded below.
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We proved the existence of the greatest integer function:
Let x € R. There exists a unique m € Z such that m < x < m+ 1. This unique integer
m is denoted by [z] and called the greatest integer less than or equal to x.

Sketch of a proof: Consider the set S :={k € Z: k < z}. Then S is nonempty (why?)
and bounded above by z. If « is the lub of S, then there exists & € S such that a—1 < k.
Then k£ + 1 > z, for otherwise, £ + 1 € S and hence k + 1 < «, a contradiction. Then
kE<a<x<k+1. kis as required. Why is it unique?

Proposition 1 (Greatest Integer Function). Let x € R. Then there exists a unique
m € 7Z such that m < x <m+1.

Proof. Let S :={k € Z: k <x}. We claim that S # ). For, otherwise, for each k € Z,
we must have k > x. It follows that for each k € Z, —k < —x. As k varies over Z,
—Fk also varies over Z. Hence —x is an upper bound for Z. In particular, since N C Z,

N is bounded above by —z. This contradicts the Archimedean property. We therefore
conclude that S # (.

S is bounded above by z. Let o € R be its least upper bound. Then there exists k € S
such that £ > a — 1. Since k € S, k < x. We claim that k¥ +1 > x. For, if false,
then k£ + 1 < z. Therefore, k + 1 € S. Since « is an upper bound for S, we must have
k+1< aork < a—1. This contradicts our choice of k. Hence we have x < k + 1.
The proposition follows if we take m = k.

m is unique. Let n also satisfy n < z < n+ 1. If m # n, without loss of generality,
assume that m < n so that n > m+ 1. (Why?) Since m <z < m + 1 holds, we deduce
that m <x < m+ 1 < n. In particular, n > z, a contradiction to our assumption that
n<r<n-+l1. O

Exercise: Show that any nonempty subset of Z which is bounded above in R has a
maximum. Hint: Go through the last proof carefully. The integer k of that proof is the
maximum of S.

Formulate an analogue for the case of subsets of Z bounded below in R and prove it.
Density of Q in R.

Theorem 2. Given a,b € R with a < b, there exists r € Q such that a < x < b.

Sketch of a proof: Assuming the existence of such an r, we write it as r = m/n with
n > 0. So, we have x < m/n < y, that is, nz < y < ny. Thus we are claiming that
the interval [nz,ny| contains an integer. It is geometrically obvious that a sufficient
condition for an interval J = [«, ] to have an integer in it is that its length f — «
should be greater than 1. This gives us an idea how to look for an n. The n we are
looking for is the one next to [«]. We start with the proof.

Use AP2 to choose n € N such that n(b—a) > 1. Let k = [na] and m := k + 1. Then
na < m < nb. Why? If k+ 1 =m > nb, then

1=(k+1)—k>nb—na=n(b—a)>1, a contradiction.
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As a corollary we prove the density of irrationals: Given a,b € R with a < b, there
exists ¢ ¢ Q such that a < ¢ < b.

Sketch of a proof: Consider the real numbers a — /2 < b—+/2 and apply the last result.

Exercises:

(a) Let a € R. Let Cy := {r € Q : » < a}. Show that L.u.b. C, = a. Is the map
a — C, of R into the power set P(R) one-one?

(b) Given any open interval (a,b), a < b, show that the set (a,b) N Q is infinite.

(c) Let t > 0 and a < b be real numbers. Show that there exists r € Q such that
a<tr<b.

We recalled the proof of the irrationality of V2. The proof carried over to show that
V/3 is irrational. Finally, we saw that the same argument established the irrationality

of \/p for any prime p.

We used the fundamental theorem of arithmetic to prove v/2 is irrational and extended
the argument to show that \/n is irrational where n is not a square (that is, n # m?,
for any integer m).

Thus there exists no solution in Q to the equations X2 = n where n is not a square.
We contrast this with the next result which says that for any positive real number and
a positive integer n, n-th roots exists in R.

Existence of n-th roots of positive real numbers.

Theorem 3. Let a € R be nonnegative and n € N. The there exists a unique non-
negative x € R such that 2™ = «.

Proof. The crucial part of the theorem is the existence of such an x. Uniqueness holds
even in any ordered field. If o = 0, the result is obvious, so we assume that a > 0 in
the following.

Draw the graph of y = 2™. Keep looking at it through the proof. We define
S:={teR:t>0andt" <a}.

Since 0 € S, we see that S is not empty. It is bounded above. For, by Archimedean
property of R, we can find N € N such that N > a. We claim that « is an upper bound
for S. If this is false, then there exists t € S such that ¢ > N. But, then we have

t">N">N > a,

a contradiction, since for any ¢ € S, we have t" < a. Hence w conclude that N is an
upper bound for S. Thus, S is a nonempty subset of R which is bounded above. By
the LUB property of R, there exists z € R such that x is the LUB of S. We claim that
" = a.
Exactly one of the following is true: (i) =z < «, (ii) " > « and (iii) 2" = a. We
shall show that the first two possibilities do not arise. The idea is as follows. Look at



Figure again. If Case (i) holds, that is, if " < a, then it is geometrically clear that for
y very near to x and greater than x, we must have y” < «. In particular, we can find
a positive integer k € N such that (z + 1/k)" < a. It follows that x + 1/k € S. This
is a contradiction, since x is supposed to be an upper bound for S. In the second case,
when 2" > «, by similar considerations, we can find k£ € N such that (x — 1/k)" > «a.
Since  — 1/k < x and z is the least upper bound for S, there exists ¢ € S such that
t > x —1/k. We then see

t" > (x—1/k)"
This again leads to a contradiction, since ¢t € S.

So, to complete the proof rigorously, we need only prove the existence of a positive
integer k in each of the first two cases.

Case (i): Assume that 2" < a. For any k € N, we have

(z+1/k)" = z +Z(> I(1/K)
x +Z< > I(1/k)
= 2"+ C/k, WhereC::jZ:C;)x"

If we choose k such that =z + C/k < «, that is, for k > C/(a — z™), it follows that
(x+1/k)"

Case (ii): Assume that 2™ > a. For any k € N, we have (—1)/(1/k?) > —1/k for j > 1.
We use this below.

IN

(x—1/k)" = a +Z<> 172" (1/k)

Z" — zn: C‘) 2" (1/k)

j=1
= 2" —-C/k, where C := Z <7;> "
j=1

If we choose k such that z" — C/k > «, that is, if we take k > C/(2" — ), it follows
that (xz — 1/k)"

We now show that if z and y are non-negative real numbers such that z" =y
then z = y. Look at the following algebraic identity:

AV

TL:a,
n__,n\ — _ n—1 n—2 n—2 n—1
(@"—y")=@—y) [" +2" Ty + -ty Y]

If x and y are nonnegative with ™ = y" and if = # y, say, x > y then the left hand side is
zero while both the factors in brackets on the right are strictly positive, a contradiction.

This completes the proof of the theorem. O
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How to get the algebraic identity (2" —y") = (z—y)-[2" 1+ 2y+- - +ay" 24y 1]?
Recall how to sum a geometric series:s,, := 1+t + t> + --- + ¢t"~1. Multiply both sides
by t to get ts, =t 4+ -+ t". Subtract one from the other and get the formula for s,,.
In the formula for s,, substitute y/z for ¢ and simplify.

Observe that the argument of the proof in Item 33 can be applied to the set A :=
{x € Q: 2? < 2} C Q (which is bounded above in Q by 2) to conclude that if + € Q
is the lub of A, then 2 = 2. (In the quoted proof, the numbers = + % € Q!) This
contradicts Item 30-32. Hence we conclude that the ordered field Q does not enjoy the
LUB property.

Let [¢,d] C [a,b] be intervals. Then we have a < ¢ <d <b.
Nested Interval Theorem.

Theorem 4. Let J,, := [an, by] be intervals in R such that J,y1 C Jp for all n € N.
Then NJ, # (.

Proof. Let A be the set of left endpoints of .J,,. Thus, A := {a € R : a = a,, for some n}.
A is nonempty.

We claim that by is an upper bound for A for each k € N, i.e., a, < by for all n and k.
If kK <n then [ay, b,] C [ak, bg] and hence a,, < b, < bg. (Draw pictures!) If k£ > n then
an < agp < bi. Thus the claim is proved. By the LUB axiom there exists ¢ € R such
that ¢ = sup A. We claim that ¢ € J,, for all n. Since ¢ is an upper bound for A we
have a,, < ¢ for all n. Since each b,, is an upper bound for A and c is the least upper
bound for A we see that ¢ < b,,. Thus we conclude that a,, < ¢ <b, or ¢ € J, for all n.
Hence ¢ € NJ,. O

Exercises on LUB and GLB properties of R.

(a) What can you say about A if L.u.b. A =g.l.b. A?

(b) Prove that a € R is the lub of A iff (i) v is an upper bound of A and (ii) for any
€ > 0, there exists x € A such that r > o — ¢.
Formulate an analogue for glb.

(c) Let A, B be nonempty subsets of R with A C B. Prove

glb. B<glb. A<lub. A<lub. B.

(d) Let A, B be nonempty subsets of R. Assume that a < b for all a € A and b € B.
Show that Lu.b. A < g.lb. B.

(e) Let A, B C R be bounded above. Find a relation between l.u.b. (AU B), Lu.b. A
and L.u.b. B.
Analogous question when the sets are bounded below.
(f) For A C R, we define —A := {y € R: 3z € A such that y = —z}, that is, —A is
the set of all negatives of elements of A.
i. Let A =7. What is —A?
ii. If A =[-1,2] what is —A?



Assume that A is bounded above and « := lL.u.b. A. Show that —A is bounded
below and that g.1.b. (—A) = —a.

Can you formulate the analogous result (for —B) if g = g.l.b. B?
(g) Formulate the GLB property of R (in a way analogous to the LUB property of R).
(h) Show that LUB property holds iff the GLB property holds true in R.
(i) Let A, B C R be nonempty. Define

A+B:={zeR:3(a€ A,be B)such that t =a+b} ={a+b:a€ A be B}.

i. Let A=[-1,2] = B. What is A+ B?
ii. Let A= B =N. What is A+ B?
iii. Let A= B =7Z. What is A+ B?
iv. Let A=B =Q. What is A+ B?
v. Let A = B be the set of all irrational numbers. What is A + B?
(j) Let @ = l.u.b. A and § = l.u.b. B. Show that A + B is bounded above and that
Lub. (A+ B) =a+ 0.
(k) Let A, B be nonempty subsets of positive real numbers. Let a := Lu.b. A and
B :=lu.b. B. Define A- B :={ab:a € b€ B}. Show that L.ub. (A-B)=a- .
(1) Let @ :=1ub. A. Let be R. Let b+ A:={b+a:a € A}. Find Lu.b. (b+ A).

(m) Let @ :=Lu.b. A. Let b € R be positive. Let bA := {ba : a € A}. Find L.u.b. (bA).
Investigate what result is possible result when b < 0.

(n) Let A C R with glb. A > 0. Let B := {#7! : x € A}. Show that B is bounded
above and relate its lub with the glb of A.

(0) Let ) # A C R be bounded above in R. Let B be the set of upper bounds of A.
Show that B is bounded below and that l.u.b. A = g.l.b. B.

t) Let A:= {3+ 3,57/ € N}. Show that Lu.b. A =2/3 and g.l.b. A =0.

only 0’s and 1’s appear.
(v) Let 2,y € R be such that <y + X for all n € N. Show that z < y.

(w) A subset A C Rissaid to be bounded in R iff it is both bounded above and bounded
below. Show that A is bounded iff there exists M > 0 such that —M < z < M for
all z € A, that is, A is bounded iff there exists M > 0 such that |z| < M for all
x € A

39. Absolute value of a real number. For x € R, we define

T ifx>0
|z| = .
—x if x <0.
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The following are easy to see.

(a) |ab| = |a||b| for all a,b € R.

(b) |a]? = a? for any a € R. In particular, |z| = V22, the unique nonnegative square
root of 2.

(¢) +a < |al for all a € R.

(d) —la] <a<|a| for all a € R.

(e) |z| <eiff x € (—¢,¢).

(f) |x—al<eiff z € (a —e,a+¢).
)

Triangle Inequality. |a + b| < |a| + |b| for all a,b € R. Equality holds iff both a
and b are of the same side of 0.

(h) fla] = [bl] < la = b].

—~
o)

max{a,b} = 3(a+b+ |a — b|) and min{a,b} = (a +b— |a — b|) for any a,b € R.

We also understood this expression in a geometric way.

To do analysis, one should learn to be comfortable in dealing with inequalities. We do
the following as samples.

(a) {z € R: |z —a| = |z —b|} (where a # b) = {2F}.
(b) {z e R: ZE2 < 4} = (—00,1) U (2,00).

(c) {x eR: |23 =2} ={1/4,7/8}.

(d) {zeR: 32| <2} = (—1/4,00).

(e) {reR:a* —5224+4 <0} =(-2,-1)U(1,2).

The main purpose of this exercise is to make you acquire confidence in dealing with
inequalities.

Exercise: Identify the following subsets of R:

(a) {r eR: |3z +2| > 4|z —1|}. Ans: (2/7,6)

(b) {z e R:|;75| > ;57 where x # —1}. Ans: (-1,0)
(c) {zreR: |;—1‘§)| < 1 where = # —5}. Ans: (—3,00).
(d) {z €R: 22> 3x+4}. Ans: (—o0,—1) U (4,00).

)
)
)
)
e) {reR:1<a?<4}. Ans: (—2,-1)U(1,2)
f) {zreR:1/z <=z} Ans: (—=1,0) U (1,00)
(g) {x €R:1/z < 2%}. Ans: (—00,0) U (1,00)
(h) {z € R: |4z — 5| < 13}. Ans: (—2,9/2)
(i) {x €R: |22 — 1| < 3}. Ans: |z| <2
J{zeR:|z+1|+|z—2|=7}. Ans: x=—-3orz =4
(k) {z eR: x|+ |z+1| <2}. Ans: (=3/2,1/2).
(1) {x € R: 222 +52+2>0}. Ans: R
)

(m) {zeR: % — IZ;?’ + 3 < Z}. Ans: (-3,0)

10



2 Sequences and their convergence

1. Let X be any set. A sequence in X is a function f: N — X. We let z,, := f(n) and
call x,, the n-th term of the sequence. One usually denotes f by (zy,).

2. Let (x,) be a real sequence, that is, as sequence in R. We say that (z,) converges to
z € R if for any given € > 0, there exists ng € N such that for all n > ng, we have
ZTpn € (x — e, + €), that is, for n > ng, we have |z — x,| < e. The number z is called a
limit of the sequence (x,). We then write x,, — x. We also say that (z,) is convergent
to x. We write this as lim,, z,, = x.

One can similarly define that a sequence (z,,) of complex numbers converges to z € C if
for any given £ > 0, there exists ng € N such that for all n > ng, we have |z — z,| < .

Convention. If a sequence is not convergent, we also say that it is divergent.

3. Uniqueness of the limit: If a sequence (x,) of real numbers converges to = € R as well
as to y € R, then x = y. We give 2 proofs.

Proof 1: For any k € N, choose n, and my such that
n>np = |r—x,| <1l/kandn>mp = |y —x,| <1/k.

Let ng := max{ng, my}. If n > ng, we have |z — y| < |z — x| + |z, — y| < 2/k. O

Proof 2: If x < y, let 2¢ =y —x. Then (z — e,z +¢)N(y —e,y +¢) = 0. Let ny, no
be such that n > n; = |z —xz,| <eand n > ny = |y — z,| < e. Then for any
n > max{ny,nq}, we have z, € (r —e,z+¢)N(y — e,y +¢). O

Both these proofs can be adapted to prove the uniqueness result for complex sequences.

4. Exercise: Prove that each of the following sequences (a,) converges to a limit a by
finding, for each given ¢ > 0, an ng € N depending on ¢ such that |a, —a| < ¢ for
n > ng.
(i) apn=1/(n+1) (ii) ap=(Mn+1)/(2n+3)
(iii) ap =n/(n*—n+1) (iv) ap, = 1/27

(v) an =2/ (vi) an = Vn ¥ 1y

5. Let z, — z, xn,x € C. Fix N € N. Define a sequence (y,) such that y, := x,, if n > N
while y; could be any real/complex number for 1 < k < N. The y, — . Thus, if we
alter a finite number of terms of a convergent sequence, the new sequence still converges
to the limit of the original sequence.

6. Let (z,,) be a sequence of real/complex numbers. Then z, — 0 iff |z,| — 0.
7. Let (x,) be a sequence of real/complex numbers. z,, — x iff x,, —z — 0 iff |x,, —2z| — 0.

8. Exercise: Let 0 < b, — 0. Assume that |a,, — a| < b, for all large values of n. Prove
that a,, — a.

9. Let (zy) be a sequence of real/complex numbers. If x,, — z, then |z,| — |z|. However
the converse is not true. The sequence (z,) := ((—1)") is not convergent while the
sequence (|z,|), being a constant sequence, is convergent. To see the first result, if
xn — £, observe that for any ¢ >0, £1 € ({ —e,f+¢). What if ¢ < 17

11
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no of the definition of convergence depends on e and is not unique. (If ng ‘works’ and
ny > ng also ‘works!’)

If we consider x,, := 1/(2n — 7), we showed that we can take ng > % (1 +7) as well as
ng > 2—16 + 7. Thus, each person may arrive at different ny depending upon the way he
estimates the terms!

Let (xy) be a sequence of real numbers. Let x,, — x > 0. Then there exists ng € N
such that x,, > x/2 for n > ng. What is the analogous result if x < 0?7 Can you think
of a (single) formulation which encompasses both these results?

Let (x,) be a complex sequence such that x,, — z. Assume that 2z # 0. Then there
exists N such that for all n > N, we have |z,| > |z|/2.

This is done in the last item in a geometric way for the case of real sequences. To do
the general case, let ng correspond to € := |z|/2. Then for n > ngy, we have
|z]

|z| < |z — x| + |zn| < €+ |zy| so that |x,| > |2| —e = 5

A sequence (z,,) of real/complex numbers is said to be bounded if there exists C' > 0
such that |z, | < C for all n € N.

Every convergent sequence of real/complex numbers is bounded. Proof: Let ng corre-
spond to € = 1. Then

lzn| < |z — zn| + |2| = 1+ |z] for n > ny.
Then C := max{|z1],..., |2no—1], 1 + |2]} is as required. O
But the converse is not true. Look at ((—1)") = (—1,1,—1,1,...). See Item 9.

Algebra of convergent sequences in C: Let z, — z, y, — y and a € C. Then

(@) Tn+yn = x+y.

) axy, — ar.
(¢) Tn - Yn — xY.

) i — 1 provided that « # 0. By Item 12 the terms 1/z, make sense for all
sufficiently large n.

We proved all these in the class. To give a taste of the proofs, let us look the product
and the quotient.

‘xnyn - xy‘ S ‘xnyn - xyn‘ + ’xyn - xy‘
< ynllzn — 2| + |2][yn — vl
< Clzp — 2|+ (1 + |z])|yn — y| using Item 14.

For the quotient, we need to estimate |i — 1|, We have

T — Ty

[ENER TR
Tn T

Ty

1 1| |
= ——lr—x
|0l || !

21

Hm[w — x|, say, for n > ny,
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16.

17.

18.

19.

2
where we have used Item 14. Let ng be such that |x — z,| < 5‘%' and take ng =

max{ny, no}. O

The set C of convergent sequences of real/complex numbers form a real/complex vector
space under the operations: (xy,) + (yn) := (n + yn) and a - (zy,) := (axy,).

Moreover, the map (z,,) + lim,, from C to R (or to C) is a linear transformation.

Exercise:

(a) Given that x,, — 1, identify the limits of the sequences whose n-th terms are (a)
1—ap, (b) 2z, +5, (¢) (4+22) /2.

(b) Let (z,,) and (y,) be convergent. Let s, := min{z,,y,} and t, := max{x,,yn}.
Are the sequences (s,,) and (t,) convergent?

(c) Show that the set of bounded (real) sequences form a real vector space.

(d) True or False: If (z,,) and (x,y,) are bounded, then (y,) is bounded.

(e) Let x, >0, x,, — z. Prove that \/z, — /z.

(f) True or False: If (z,,) and (y,) are sequences such that x,y, — 0, then one of the
sequences converges to 0.

(g) Let (z,) be a sequence. Prove that z,, — 0 iff 22 — 0.

(h) Let (xy,) and (y,) be two real/complex sequences. Let (z,) be a new sequence
defined (z1,y1,x2,92,...). (Can you write down explicit expression for z,?) Show
that (z,) is convergent iff both the sequences converge to the same limit.

(i) Let (z5) be a sequence. Assume that z,, — 0. Let 0: N — N be a bijection. Define
a New Sequence Y, := Tg(y). Show that y, — 0. Hint: Given ¢, let ng be such that
|7,| < e for n > ng. Let N := max{o~%(1),...,07 1 (ng)}. Estimate y,, for n > N.

(G) Let @, == (1-3)(1-3%)-- (1 - %H) Show that (x,) is convergent. Hint:
What are x1,x9 etc?

Definition of a Cauchy sequence in R or C. A sequence (x,,) (in C) is said to be Cauchy

if for each € > 0 there exists ng € N such that for all m,n > ng we have |z, — z,,| < €.

Example: Any convergent (real) sequence is Cauchy. (In fact, these are the only exam-
ples in R! See the next item.)

Cauchy Completeness of R. A real sequence (z,,) is Cauchy iff it is convergent.

Let E:={z € R:3 Nsuchthat n > N = z < z,}. Let 6 > 0 and let ng = ny(d)
be such that
n>ny = Tp € (Tny — 9, Tny +9). (1)

Claim 1. z,, — 0 € E. For, if we take N = ng(9), then n > ng = x, > xp, — 9.

Claim 2. z,, + 0 is an upper bound of E. If not, let x € E be such that x > x,, + 9.
This means that there exists some N such that for alln > N z, > x > zp, + 6. In
particular, for all n > max{ng, N}, we have x,, > x,, + . This contradicts (1).

Let £ :=lu.b. E. Claim 3: x,, — ¢. Let € > 0 be given. Let nyg = ng(e) correspond to
€. Then for all n
’wn—ﬂ < ‘$n—$n0|+|xn0 _£| (2)

13



20.

21.

22.

23.

24.

25.

If n > ng, then 2, —c € £ = =z, —¢ < ¢ and ¢ < z,, + ¢ by Claims 1 and 2,
that is, |2, — ¢| < e. The first term of the LHS of (2) is less than ¢ thanks to Cauchy
condition. Hence, for n > ng, the RHS of (2) is at most 2e. O

Any Cauchy sequence is bounded.

This is obvious since any Cauchy sequence is convergent and convergent sequences are
bounded. We give a direct proof. If (z,) is Cauchy, let N correspond to € = 1. Then
forn > N, |x,| < |zp —2zn|+]zn| < 1+ |zn|. Let C := max{|z1|,...,|zn-1], 1 +]|zN]}
Then |z, | < C for all n.

Exercise:

(a) Prove that the sum of two Cauchy sequences and the product of two Cauchy
sequences are Cauchy.

(b) Let |z,| < % Prove that (z,,) is Cauchy.

If (z,,) is a Cauchy sequences of integers, what can you say about the sequence?

—~~
o
~—

(d) Let (z,) be a sequence and let a > 1. Assume that
|zpy1 — x| < @ " for all k € N.

Show that (x,) is Cauchy.

We say a sequence (x,,) of real numbers is increasing if for each n, we have x,, < x,41.
Clearly, any increasing sequence is bounded below. Hence such a sequence is bounded
iff it is bounded above.

Define decreasing sequences. When is it bounded?

Let (zy,) be increasing. Then it is convergent iff it is bounded above.

Let z(N) := {x,, : n € N} be the image of the sequence z. Let ¢ be the lub of this set.
Given € > 0, since {—¢ is not an upper bound of z(N). Let zx > {—e. Since the sequence
is increasing, for all n > N, we have zy < z, and hence / —e < zy <z, <L < L +¢,
that is, z, — £.

What is the analogous result in the case of decreasing sequences?

A typical use: Let 0 < r < 1. Let x, := r™. Then (r") is decreasing, bounded below;
hence convergent, say, to ¢. Then rz, — rf, but rx, = x,4+1 so that rx, — £. By
uniqueness of the limits, r¢ = ¢. Conclude ¢ = 0.

The Number e. We were lucky in the last example to find the limit explicitly. In
general it may not be possible. In fact, some real numbers are defined as the limit
of such sequences. For instance, consider @, := (1 + 2)". Then the sequence (z,) is
increasing and bounded above. The real number which is the limit of this sequence is

denoted by e.

(a) By binomial theorem

“ n! K
I A Y —
v +kz_1k:!(n—l<:)!n

n n n

= 1+Z%(1_l)(1_,)...(1_
k=1
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(b) Conclude from (3) that x,, < Tp41.

"1 1 2 kE—1
o= 1 “1-H1=-2...(1-
SRR - (- RRGEE
"1 1 2 k—1
1 (1 — 1— (1 —
< +};k!( n+1)( n—i—l) ( n—l—l)

< Tn+1-

(c) From (3), conclude that z, <14 > ; 7.
1 _9o—n
(@ 1+ <+ g =1+ 5 <1+ 5 =3
(e) Conclude that (x,,) is increasing and bounded above and hence lim z,, exists. Let
e = limx,.
(f) Let yn := > p_y ;- Here 0! = 1. From 25d conclude that limy,, exists. From 25c,
we know that x,, <y, and hence e = limz,, < limy,,.

(g) For n > m omitting terms for k£ > m + 1 from (3) we get:

1 1 1 1 m—1
>1414+ —(1-= e — (1= ) (1=
Tn = L +2!( n)+ +m!( n) ( n

).
Fix m and let n — oo to see that e > y,,,. Now let m — oo to see that e > lim y,,.

(h) Hence e := lim, (1 + %)” = lim,,—ye0 (EZ:O %)

(i) e is irrational. If not, let e = m/n. We have

1
0<e—s, = Z il
k=n+1

1 1+ 1 n 1 n 1
- § = ——.
(n+1)! n+1l (n+1)2 nln

Then 0 < nl(e — s,,) < 2. Observe that nle (because fo hypothesis) and nls, lie
in N.

26. Exercises:
(a) Let x, := n%rl + %H -+ + 5. Show that (z,) is convergent to a limit at most 1.
Hint: Show that the sequence is increasing.

(b) Let (x,) be a sequence of positive real numbers. Assume that z,41/z, — ¢ with
¢ < 1. Show that x, — 0.

(c) Let ay, := % Show that a,, — 0. Hint: (ay) is decreasing and a,,+1/a, has a limit
less than 1.
27. Sandwich Lemma. Let (z,) , (y,) and (z,) be sequences such that (i) =, — o and
yn — « and (ii) z, < z, < y,. Then z, — .

Sketch of a proof: Given £ > 0, choose ni,ng such that n >n; = =z, € (x — ¢,z +¢)
and n > ny = vy, € (x —e,x +¢). Let ng = max{ny,n2}. Then for n > ngy, we
observe

r—e<axn<z,and z, <y, <z +e¢e, that is, z, € (x — e,z + ¢€).

15



28. Typical uses of sandwich lemma.

(a) We have S22 — 0, as —1/n < (sinn)/n < 1/n.

(b) Given any real number z there exist sequences (s,) of rational numbers and ()
of irrational numbers such that s,, — = and ¢, — z.
Hint: By density of rationals there exists r such that x — 1/n < r < z. Call this r
as .

(c) Let a:=1l.u.b. A C R. Then there exists a sequence (a,) in A such that a,, — a.
Hint: o — 1/n is not an upper bound of A. Let a, € A be such that « — 1/n <
a, < a.
Formulate the analogous result for glb.

(d) Let (a,) be a bounded (real/complex) sequence and (z,) converge to 0. Then
anx, — 0.

29. Exercise: Use sandwich lemma to solve the following.

(a) The sequence vn+ 1 —+/n — 0.

— 1 1 ... 1 . :
(b) z, = Tt tm 1. Hint: Use obvious lower and upper

bounds for z,,.

(c) Let 0 < a < b. The sequence ((a” + b")"/™) — b. Hint: Use obvious lower and
upper bounds and use Item 31f

30. If z, — z and x, > 0, then z > 0. (If z < 0, use Item 11 to arrive at z,, < 0 for
n > ng.) However, if each x,, > 0 and if z,, — x, then = need not be positive. Example?

Similar results:
(i) If a < x,, < b and if 2,, = x, then a < z < b.
(ii) Let x, <y, for all n > N for some N. If z,, — x and y,, — y, then z < y.

31. Some Important Limits.

(a) Let 0 <r <1 and z, :=r" Then x, — 0. If 0 <r < 1, write r = 1/(1 + h) for
some h > 0. Using binomial theorem, we see that (1 + h)" > nh. Hence r" < L.
(b) Let —1 <t < 1. Then t" — 0.
Follows in view of the last result and Item 6.
(c) Let |r| < 1. Then nr® — 0. More generally, for any k € N, we have n*r® — 0.
Hint: Observe that (1 + h)" > @h?
(d) n'/™ — 1. Similar to the previous one. Write n'/" = 1 + h,, with h,, > 0. Then,
as in the last item,
n=(1+hy)" > ”(”21)@.

(e) Fix a € R. Then %,L — 0. Assume a > 0. Fix N > a. Then, for n > N, we have

a™ _ (aa a) a a
nl  \12 N/N+4+1 n
Cr~Nr", where C := (

IN

-~i) and r :=

a
N N’

(VRS

a
1
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32.

33.

34.

35.

36.

37.

38.

39.

(f) Let a > 0. Then a'/™ — 1. Hint: If @ > 1 then 1 < a'/™ < p/™ for n > a.
We gave also a direct proof in the class. If a > 1, then write a'/™ = 1 + h,,, with
hp > 0. Then a = (1 + hy,)™ > nhy, so that h, — 0. If 0 < a < 1, apply the result
to b/ where b = 1/a and observe that a'/™ = 1/(b¥/").

Let z, — 0. Let (s,) be the sequence of arithmetic means (or averages) defined by

= % Then s, — 0.

Sn
Sketch of a proof: Given € > 0, choose N such that |z,| < /2. Let M be such that
|xn| < M for all n. Choose n; such that n >ny = (MN)/n < €/2. Observe that for

n > max{ny, N}

(1 + - +an)+ (@ns1 + -+ z) <MN_|_(TL—N)€

n ~ n n 2

This proof uses an important technique of estimation, namely, that of “Divide and
Conquer”. The students are advised to go through the proof at least a few times to
learn this trick well.

Let z,, — x. Then applying the last result to the sequence ¥, := x,, — x, we conclude
that the sequence (s,) of arithmetic means converges to x.

Exercise: Let x, — z and y, — y. Then

T1Yn + T2Yp—1 + -+ TpY1 N
n

zy.

Let (z,) be a real sequence. We say that (z,) diverges to +oo (or simply diverges to
o0) if for any R € R there exists ng € N such that

n>ny = x, > R.

Formulate an analogous notion of diverging to —oo.

A sequence of real numbers diverging to co (or to —oo) is divergent, that is, it is not
convergent.

Examples of divergent sequences:
(a) The sequences z,, = n, and y,, := 2" diverge to infinity. Hint: Prove by induction
that 2" > n.
(b) Let @ > 1. Then a"™ — co. Hint: a" = (1 + h)" > nh.
(c) (n))Y™ diverges to co. Hint: Given a € R, use Item 3le to conclude that n! > a”

for all large values of n.

Consider the sequence (x,) where z, = (—1)"n. This sequence is divergent, but diver-
gent neither to oo nor to —oc.

Let x,, > 0. Then x,, — 0 iff 1/x,, = +00. What happens if z,, < 0 and lim z,, = 07
The sequence z,, := =" — 0 but the sequence of reciprocals is ((=1)™n). Refer to

n
Item 38

17
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40.

41.

42.

43.
44.

45.
46.

Exercises:

(a) Let @, := >_p_; +. Show that the sequence (z,,) diverges to co. Hint: Observe
that xo, — x,, > 1/2 for any n.

(b) Let (z,,) be a sequence in (0,00). Let yn, = Y p_;(zx + i) Show that (yn)
diverges to co.

(c) Let (zy,) and (yn) be sequences of positive reals. Assume that limx,,/y, = A > 0.
Show lim x,, = 400 iff lim y, = +oc.

(d) Show that lim 2+ = oo if ac > 0.

(e) Let (ay) be a sequence of positive reals. Assume that lim

“tl = a. Then show
that lim(an)% = . Hint: Choose any a > « and N such that “* < L for any

an
n > N. Then an:aainl...%azv so that angan—NaN'
n—

(f) Use the last item to find the ‘limit’ of (n')%

Definition of a subsequence: Let z: N — R be a sequence. Then a subsequence is the
restriction of x to an infinite subset S of N.

Using the well-ordering principle (thrice!) of N, we observe that an infinite subset S C N
can be listed as {n; < ng <--- <np <nggp1---}

Let nq be the least element of S. Assume that we have chosen nq,...,n; € S such that
ny <mng < - < ng. Since Sk := S\ {ni1,...,ng} # 0, let ngyq be the least element of

Sk. Thus we have a recursively defined sequence of integers. Observe that by our choice
ng > k for each k € N. Why this process exhausts S? If T := S\ {n; : k € N} # 0,
let m be the least element of T'. (Note that m is an element of S!) Consider A := {k €
N : ng > m}. Since n,, > m, we deduce that A # (). Let k be the least element of A.
Then we must have niy_; < m. Since m ¢ Si_1, since m < ny and since ny, is the least
element of Si_1 we conclude that m = n;. But this is a contradiction to the fact that
meT.

With this observation, the standard practice is to denote the subsequence as (zy, ).
Most useful/handy observation: ny > k for all k.

Let (x,,) be a sequence and (z,, ) be a subsequence. What does it mean to say that the
subsequence converges to x?

Let us define a new sequence (yi) where yi, := x,,. Then we say z,, — x iff y, — =.
That is, for a given € > 0 there exists kg € N such that for £ > kg, we must have
lyr — z| < e, which is same as saying that

for k > ko, we have |z,, —z| <e.

If x,, = x, and if (25, ) is a subsequence, then z,, — = as k — oo.

Existence of a monotone subsequence of a real sequence. Given any real se-
quence (x,) there exists a monotone subsequence.

Sketch of a proof: Consider the set S defined by

S:={neN:z, <z, for m>n}.
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47.

48.

49.

50.

ol.

02.

There are two cases: S is finite or infinite.

Case 1. S is finite. Let N be any natural number such that & < N for all £k € S.
Let n; > N. Then n; ¢ S. Hence there exists ny > n; such that x,, > z,,. Since
ny >mn; > N, ng ¢ S. Hence we can find an ng > ng such that x,, > x,,. This we
way, we can find a monotone nondecreasing (increasing) subsequence, (z, ).

Case 2. S is infinite. Let n; be the least element of S. Let ny be the least element of
S\ {n1} and so on. We thus have a listing of S:

ng<ng<ng<<---

Since ny_1 is an element of S and since ny_1 < ny, we see that z,, < x,, ,, for all k.
We now have a monotone decreasing sequence.

Bolzano-Weierstrass Theorem. If (z,,) is a bounded real sequence, it has a conver-
gent subsequence.

Follows from the last result on the existence of monotone subsequences and the conver-
gence of bounded monotone sequences.

Let (z,,) be Cauchy. Let a subsequence (z,, ) converge to . Then z,, — x.

Sketch: Given € > 0, let ko correspond to ¢ for the convergent sequence (x,). Let ng
correspond to ¢ for the Cauchy sequence (x,,). Let N := max{ng, ko}. Then for n > N,
we have

|z — 2| < |x— Zpy| + |20y — 20| < 2e.

We can now give 2nd proof of the Cauchy completeness of R. Use Item 20, Bolzano-
Weierstrass theorem and the last item to arrive at a proof.

Do subsequences arise naturally (in Mathematics)? Let (a,) be a sequence. Prove that
(ap) is divergent iff for each a € R, there exists an € > 0 and a subsequence (x, ) such
that |a — ay, | > ¢ for all k.

For another such occurrence, see Item 53b.

Some typical uses of subsequences:

(a) Consider the sequence a'/" again where a > 1. We showed that it is decreasing

and bounded below, hence convergent to some £ € R. The subsequence (a'/?") is
also convergent to £. Conclude ¢? = /.

(b) Assume that the sequence (n'/™) is convergent. Show that the limit is 1 by con-
sidering the subsequence ((2n)'/27).

(c) Show that the sequence ((—1)™) is divergent.

Exercises:

(n2+13n—41) cos(2")
n24+2n+1

a) Prove that the sequence In where In =
q
subsequence.

has a convergent

(b) True or false: For any sequence (x,), the sequence y,, := has a convergent

Tn
1+|zn|
subsequence.
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(c) True or false: A sequence (x,) is bounded iff every subsequence of (z,) has a
convergent subsequence.

(d) Prove that a sequence (z,) is unbounded iff there exists a subsequence (zy, ) such
that |z, | > k for each k € N.

(e) Let (ay) be a sequence. Prove that (a,) is divergent iff for each a € R, there exists
an € > 0 and a subsequence (x,, ) such that |a — ay, | > ¢ for all k.

(f) Show that if a monotone sequence has a convergent subsequence, then it is con-
vergent.

(g) Let {r,} be an enumeration of all rationals in [0, 1]. Show that {r,} is not conver-
gent.

53. Typical uses of Bolzano-Weierstrass theorem.

(a) The sequence (sin(n)) has a convergent subsequence.

(b) True or false: A sequence (z,) is bounded iff every subsequence of (x,) has a
convergent subsequence.

54. Compactness: We say that a subset K C R is compact if every sequence in K has a
subsequence which converges to an element of K. Thus Bolzano-Weierstrass theorem
says that any closed and bounded interval is compact.

(a) A:=R is not compact, for consider x,, := n.
(b) The interval (0,1) is not compact, for the sequence (1/n) converges to 0 ¢ (0,1).

More generally, any open interval B := (a, b) is not compact. For instance, consider
(b— 1) for n > N where N is chosen so that b— 3 > a.

(c) Let (r,) be a sequence in C' := [~2,2] N Q which converges to v/2. Then C is not
compact.

(d) The set D of irrational numbers is not compact, for, consider z,, := g

55. (Some sequences defined recursively). Find the limits (if they exist) of the follow-
ing recursively defined sequences.

(a) =1 =2, :Un:\/Q—i—i /ZTn_1 for n > 2.
(b) zy =1, z, = 2z, for n > 2.

(¢c) For a > 0, let z; be any positive real number and x,11 = % (azn + ﬁ) Hint:
Show that z2 > a by induction. (Use AM > GM inequality.) Sh
eventually decreasing.

(d) Let 0 < a < 21 < z9 < b. Define z, = /(zp—12,—2) for n > 3. Show that

a <z, <band |xp11 — xn| < ai-i-b |xy, — xp—1| for n > 2. Prove (z,) is convergent.

ow that (z,) is

(e) Let 0 < y1 < 1. Define

Tn + Yn

5 and Yp+1 = /Tnyn, for n € N.

Tn+1 =

i. Prove that (y,) is increasing and bounded above while (x,) is decreasing and
bounded below.
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ii. Prove that 0 < zp41 — Ynt1 < 27"(z1 —y1) for n € N.
iii. Prove that x,, and y, converge to the same limit.

(f) Let 21 = a and x9 = b. Define xy, 12 = (x5, +xn+1)/2. Show that (z,,) is convergent
by showing that it is Cauchy.

(g) Square Roots. Let 1 = 2, define

1 2
l'n+1:§ l‘n—|—xf .
n

Show that each x?l > 2 and use it to prove that x,+1 — x, > 0. Conclude that
Given a > 0, can you modify the sequence to produce one which converges to y/a?

(h) Let 1 > 0, and define recursively z,+1 = /2 + x, for n € N. Show that if the
sequence is convergent then the limit is 2.

(i) Let 0 <2y < 2. Define z,4; :=1—+/1 — z,, for n € N. Show that if the sequence
is convergent, then the limit is either 0 or 1.

56. The following are good topics for students seminars.

(a) The Number e. See Item 25.
(b) Euler’s Constant. Let v, =Y p_; + —logn=>7_, 1+ — [["t7'dt.

i. Show that =, is a decreasing sequence. Hint: vy, — Ynt1 = f:ﬂ 1 — n%rl > 0.

ii. Show that 0 < ~, <1 for all n: Hint: v, <y, for all n. Also,

n 1 k+1 L
n —_— t~tdt| > 0.
fy>kzl[k /k ]>0

iii. lim -y, exists and is denoted by ~. This v is called the Euler’s constant. Till
today it is not known whether + is rational or not!

(c) Fibonacci’s Sequence. Let zyp = 1, x1 = 1. Define (z,) recursively by z, =

Tp—1 + Tp—2, n > 2. This (z,) is called the Fibonacci sequence. Let 7y, := ziiﬂ
n > 1.

i. Prove that (x,) is divergent.

i (1) 1<m<2, (1) =1+ %7 (iii) Yni2 — 1 = %
ili. (7y2n) is decreasing.
iv. (7v2p+1) is increasing.

v. (y2n) and (y2,+1) are convergent. The limits of both these sequences satisfy
the equation /2 —¢ —1=0.
1+v5

vi. limy, = =5

(d) Let (an) be a sequence such that |a, — a,,| < € for all m,n > N. If a,, — a, show
that |a, —a| < e for all n > N. (An easy but often used result.)

57. Miscellaneous Exercises:
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no.
T+T is

Decide for what values of x, the sequences whose n-th term is z, :=

1+4a™
convergent.
Find the limit of the sequence whose n-th term is Wg—,*'an_l
Let ap := 5%. Show that lima, = 0.
Let a € R. Consider 1 = a, x3 = HT", and by induction z, := lﬂc% Then

T, —7 Draw pictures and guess the limit and prove your guess.

Consider the sequence

\/5,\/2+\/§,\/2+\/2+\/§,\/2+\/2+\/2+\/§,...,

Show that x,, — 2. Hint: There is a recursive/inductive definition involved.

Let (z,) be given. Let y, := wo,—1 and z, := x9,. Show that (z,) is convergent
iff both (y,) and (z,) converge to the same limit.

Prove that the sequence (sinn) is divergent.

Show that a sequence (z, = x, +iyy) in C is convergent iff the real sequences (z;,)
and (y,) are convergent.

Show that any Cauchy sequence in C converges to an element of C.

Formulate and prove an analogue of Bolzano-Weierstrass theorem for complex
sequences.
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3 Continuity

1. Let J C R. (An important class of subsets J are intervals of any kind.) Let f: J — R
be a function and a € J. We say that f is continuous at a if for every sequence (x,) in
J with z,, — a, we have f(x,) — f(a).

We say that f is continuous on J if it is continuous at every point a € J.

2. Examples:

Let f be a constant function on J. Then f is continuous on J.
Let f(x):=x for all z € J. Then f is continuous on J.
More generally, f(z) := 2™ is continuous on R.

Let f: R — R be given by f(z) = 1 if x € Q and 0 otherwise. Then f is not
continuous at any point of R.

0 ifxz<O
Let f: R — R be given by f(z) = n Then f is continuous at all

1 ifxz>0.
nonzero elements of R and is not continuous at 0.

2 ifz <0
Let f: R — R be given by f(x) = ©ony Then f is continuous on R.
x if x > 0.
Let f: R* — R* be given by f(z) =1/z. Then f is continuous on R*.
if v <0

Let f: R — R be given by f(z) = @ ne What value of «

ar? —bxr+c¢ ifx>0.
ensures the continuity of f at 07

3. Exercises:

(a)

Let f: J — R be continuous. Let J; C J. Let g be the restriction of f to J;. Show
that g is continuous on Ji.

Let f(x) =3z for z € Q and f(x) = 2+ 8 for x € R\ Q. Find the points at which
f is continuous.

Let f(z):=zifx € Q and f(x) =0if z ¢ Q. Then f is continuous only at = 0.
Let f: R — R be continuous. Assume that f(r) =0 for r € Q. Then f = 0.
Let f,g: R — R be continuous. If f(z) = g(z) for z € Q, then f = g.

Let f: R — R be continuous which is also an additive homomorphism, that is,
flz+y)= f(x)+ f(y) for all z,y € R. Then f(x) = Az where A = f(1).

Consider f: (0,1) — R defined by f(z) = 1/q if z = p/q in reduced form and
f(z) =0if z ¢ Q. Then f is continuous only at the irrationals.

Let f(z) = {“in(l/x) if 2 # 0

. Show that f is continuous at 0.
0 ifx=0

Let f: R — R be defined by f(z) = z — [z], where [z] stands for the greatest
integer less than or equal to x. At what points f is continuous? Hint: Draw a
picture.
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(j) Let f: R — R be defined by f(z) = min{x — [z], 1+ [x] — z}, that is, the minimum
of the distances of z from [z] and [z] + 1. At what points f is continuous? Hint:
Draw a picture.

(k) If A C R is a nonempty subset, define f(z) := g.l.b. {|xr —a|:a € A}. Then f is
continuous.

(1) Let f: J — R be continuous. Let o € Im (f). Let S := f~!(a). Show that if (z,,)
is a sequence in S converging to an element a € J, then a € S.

4. Algebra of continuous functions: Let f,g: J — R be continuous at a € J. Let
a € R. Then

(a
(b

) f + g is continuous at a.

)
(¢) The set of functions from J — R continuous at a is a real vector space.)
(d)

)

af is continuous at a.

d

(e) Assume further that f(a) # 0. Then there exists § > 0 such that for each x €
(a—0d,a+0)NJ — R, we have f(x) # 0. The function 1/f: (a—d,a+d)NJ = R
is continuous at a. (Recall that (1/f)(x) := ﬁ)
Sketch of a proof of the first part. If false, then for each § = 1/k, there exists
z, € (a—%,a++)NJ such that f(zg) = 0. Clearly, 7 — a but f(zx) — 0 # f(a).

(f) |f| is continuous at c.

The product fg is continuous at a.

(g) Let h(z) := max{f(x),g(x)}. Then h is continuous at c. Similarly, the function
k(z) := min{ f(x), g(x)} is continuous at c.
Exercise:
i. Let f(z) := x and g(x) := 2? for z € R. Find max{f, g} and draw its graph.
ii. Let f,g: [-m,m] — R be given by f(x) := cosz and g(z) := sinz. Draw the
graph of min{f, g}.

5. Any polynomial function f: J — R of the form f(x) := ap + a1z + --- + ap2™ is
continuous on J.

6. A rational function is a function of the form f(x) = % where p, ¢ are polynomial

functions. The domain of a rational function is the complement (in R) of the set of
points at which ¢ takes the value 0. The rational functions are continuous on their
domains of definition.

7. Let f;: J; — R be continuous at a; € J;, i = 1,2. Assume that fi(J;) C Jo and
as = fi(a1). Then the composition fs o fi is continuous at a;.

8. The standard - definition of continuity. Let f: J — R be given and a € J. We say
that f is continuous at a if for a given £ > 0, there exists § > 0 such that

xeJand |z —a| <d = |f(z)— fla)| <e. (4)

9. Our definitions of continuity in Item 1 and Item 8 are equivalent.
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10.

11.

12.

Sketch of a proof. Let f be continuous at a according to Item 1. We now show that
f is continuous according to e-§ definition. Assume the contrary that there exists
e > 0 for which no § as required exists. In particular, for each § = 1/k, we have
xp € JN (a —1/k,a + 1/k) with |f(zr) — f(a)| > e. Since z; — a, we must have
f(zx) — f(a), that is, | f(zx) — f(a)| = 0, a contradiction.

Assume that f is continuous according to e-d definition. Let x, € J be such that
xn — a. To prove f(z,) — f(a), let € > 0 be given. Then by e-¢ definition, for this
e > 0, there exists § > 0 such that (4) holds. Since z, — a, for the 6 > 0, there exists
N such that

n>N = |z, —a| <9.

It follows that if n > N, x,, € (a—d,a+9) and hence f(x,) € (f(a)—¢, f(a)+¢€). That
is, f(xn) = f(a). O

Some examples to work with - definition. The basic idea to show the continuity of f
at a is to obtain an estimate of the form

[f(z) = fla)| < Calz —al,

where C, > 0 may depend on a. There are situations when this may not work. See 10i.
In 10c and 10f, one can choose C, independent of a.

(a) f:R—=R, f(z) =x for x € R.
(b) f:R—=R, f(zr) =2? for z € R.
(¢) f: [-R,R] = R, f(z) = 2? for |x| < R.
(d) f: R—=R, f(x) =2" for x € R.
(e) f:(0,00) = R, f(x) =2"! for x € (0,00).
(f) f: (a,00) = R, f(z) = 27! for € (o, 00) where a > 0 is fixed.
(2) f:(0,00) = R given by f(z) := /" for a fixed n € N.
(h) f:R%R,f(x):{mQ ifx<0
x if x> 0.

(i) Thomae’s function. Let f: (0,1) — R given by

(@) 0 if x is irrational
xTr) =
1/q if x = p/q with p,q € N and p and ¢ have no common factor.

Then f is continuous at all irrational points and not continuous at any rational
point of (0,1).

We say that a function f: J — R is Lipschitz if there exists L > 0 such that |f(x) —
f(y)| < Ljz — y| for all x,y € J. Any Lipschitz function is continuous.

Let f: J — R be continuous at ¢ with f(¢) # 0. Then there exists § > 0 such that
|f(x)| > |f(c)|/2 for all z € (¢ — 5, c+0)NJ.

In particular, if f(c) > 0, then there exists 6 > 0 such that f(x) > f(c)/2 for all
x € (c—d,c+0)NdJ.

What is the analogue of this when f(c) < 07
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13.

14.

15.

16.

Let f: J — R be continuous at a € J. Then f is locally bounded, that is, there exist
M >0 and § > 0 such that

Vee(a—da+d)NJ = |f(z)| < M.
Apply the e-§ definition of continuity, say, with € = 1.

The results of the last two items are about the local properties of continuous functions.
We shall apply them to get some global results. See Item 16 and Item 26.

To verify whether or not a function is continuous at a point a € J, we do not have to
know the values of f at each and every point of J, we need only to know the values
f(z) for x € J ‘near’ to a, that is, for all z € (a — 6,a + ) N J for some § > 0.

The following are two of the most important global results on continuity. See Item 27.

Intermediate Value Theorem. Let f: [a,b] — R be a continuous function such that
f(a) <0< f(b). Then there exists ¢ € (a,b) such that f(c) =0.

Proof. Draw some pictures. We wish to locate the “first” ¢ from a such that f(c) = 0.
Towards this end, we define E := {x € [a,b] : f(y) <0 for y € [a, z]}.

Using the continuity of f at a for ¢ = —f(a)/2, we can find a § > 0 such that f(x) €
(3f(a)/2, f(a)/2) for all x € [a,a+7). This shows that a+0/2 € E. Since E is bounded
by b there is ¢ € R such that ¢ = sup E. Clearly we have a + 6/2 < ¢ < b and hence
¢ € (a,b]. We claim that ¢ € E and that f(c) = 0.

Case 1. f(c) > 0. Then by Item 12, there exists 6 > 0 such that for x € (¢—¢, c+d)N[a, b],
we have f(z) > 0. Since ¢ — ¢ < ¢, there exists x € E such that ¢ —§ < x. Since x € F,
we have f(t) <0, for t € [a,z] = [a,c — d] U (¢ — §,z], a contradiction.

Case 2. f(c) < 0. Then by Item 12, there exists 6 > 0 such that for x € (¢—6, c+d)N[a, b,
we have f(z) < 0. Since ¢ — § < ¢, there exists € E such that f(¢t) <0, for ¢ € [a, z].
Hence f(t) <0 for all t € [a,z] U (¢ — d,c+ /2] = [a,c+ 0/2]. That is, c+ /2 € E,
contradicting ¢ = l.u.b. E.

Hence we are forced to conclude that f(c) = 0. O

2nd Proof. Let Jy := [a,b]. Let ¢; be the mid point of [a,b]. Now there are three
possibilities for f(c1). It is zero, negative or positive. If f(c1) = 0, then the proof is
over. If not, we choose one of the intervals [a,c1] or [c1,b] so that f assumes values
with opposite signs at the end points. To spell it out, if f(c;) < 0, then we take
the subinterval [c1,b]. If f(c1) > 0, then we take the subinterval [a,c;]. The chosen
subinterval will be called J; and we write it as [a1, b1].

We now bisect the interval J; and choose one of the two subintervals as Jo := [ag, bo]
so that f takes values with opposite signs at the end points. We continue this process
recursively. We thus obtain a sequence (J,,) of intervals with the following properties:

(i) If J,, = [an, by], then f(a,) <0 and f(b,) > 0.

(ii) Jn+1 C JIn.

(iii) £(Jp) = 27(Jp) = 27"(b — a).

By nested interval theorem there exists a unique ¢ € NJ,. Since ay,, by, ¢ € J,,, we have

lc = an| < U(Jp) =27"(b—a) and |c—by| < (J,) =2""(b— a).
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17.

18.

19.

20.

21.

22.

Hence it follows that lima, = ¢ = limb,,. Since ¢ € J and f is continuous on J, we
have

lim f(an) = f(c) and lim f(ba) = ().

n—oo n—0o0

Since f(ay) < 0 for all n, it follows that lim, f(a,) < 0, that is, f(¢) < 0. In an
analogous way, f(c) = lim f(b,) > 0. We are forced to conclude that f(c) = 0. The
proof is complete. O

Intermediate Value Theorem (Standard Version). Let g: [a,b] — R be a con-
tinuous function. Let A be a real number between g(a) and g(b). Then there exists
¢ € (a,b) such that g(c) = A.

Apply the previous version to the function f(x) = g(x) — A.

We made a crucial use of the LUB property of R in the proofs of the theorems above.
They are not true for example in Q. Let us be brief. Consider the interval [0,2]NQ and
th continuous function f(z) = x? — 2. Then f(0) < 0 while f(2) > 0. We know that

there exists no rational number o whose square is 2. Recall also that we have shown
that Q does not enjoy the LUB property (Item 35).

Let f: R — R be continuous taking values in Z or in Q. Then f is a constant.

Let f: [a,b] — R be a nonconstant continuous function. Show that f([a,b]) is uncount-
able.

Let &« > 0 and n € N. Then there exists 8 > 0 such that 8" = «.

Proof. Choose N € N such that N > «a. Consider f: [0,00) — [0,00) defined by
f(x) = 2™ — . Then f(x) < 0 and f(N) > 0. Intermediate value theorem yields
applied to the pair (f, [0, N]) yields the result. O
Any polynomial of odd degree with real coefficients has a real zero.

Proof. It is enough to prove that a monic polynomial
P(X)=X"+ap 1 X" '+ -+ a1 X +ag,(a; ER,0<j <n—1),

of odd degree has a real zero.
Write P(X) = X"(1+ " 4+ 4%). If N € N, then |575| < |F| for any 1 < j <n.
Let C := Z?:_ol laj|. We then have

Ap—1 aq C
— < —.
| N + +N" - N

We can choose N € N such that % < 1/2. If | X| > N, we have the estimate |“%* +
N %] < 1/2. That is, we have
an1 ag

< 3/2. )
o 2<y 5)

1/2<1+

Consequently, P(X) < X"/2 < 0if X < —N and P(X) > X"/2 > 0if X > N. Now
the intermediate value theorem asserts the existence of a zero of P in (—N, N). O
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23. Fixed point theorem. Let f: [a,b] — [a,b] be continuous. Then there exists ¢ € [a, ]

such that f(c¢) = c¢. (Such a c is called a fixed point of f.)

Proof. Consider g(x) := f(z) — . Then g(a) > 0 and g(b) < 0. Apply intermediate
value theorem. O

24. Exercises:

25.

Let f: [a,b] — [a,b] be continuous. Then there exists x € [a, b] such that f(x) = =.

Prove that « = cosx for some x € (0,7/2).

)
)
¢) Prove that xe” = 1 for some z € (0,1).
) Let f: R — R be continuous taking values in Z or in Q. Then f is a constant.
)

Let f: [a,b] — R be a nonconstant continuous function. Show that f([a,b]) is

uncountable.

(f) Are there continuous functions f: R — R such that f(z) ¢ Q for z € Q and f(z) €
Q for x ¢ Q7

(g) Let f:]0,1] — R be continuous. Assume that the image of f lies in [1,2] U (5, 10)
and that f(1/2) € [0,1]. What can you conclude about the image of f7

(h) Existence of n-th roots: Let @ > 0 and n € N be given. Then there exists x > 0
such that z" = a.

(i) Let f:[0,2m] — [0,27] be continuous such that f(0) = f(27). Show that there

exists x € [0, 27] such that f(z) = f(z + 7).

(j) Let p(X) be an odd degree polynomial with real coefficients. Then p has a real
root.

(k) Let p be a real polynomial function of odd degree. Show that p: R — R is onto.
(1) Show that x* + 523 — 7 has two real roots.

(m) Let p(X):=ap+a1 X +---+a, X" If apany < 0, show that p has at least two real
roots.

(n) Let J be an interval and f: J — R be continuous and 1-1. Then f is strictly
monotone.

(o) Let I be an interval and f: I — R be strictly monotone. If f(I) is an interval,
show that f is continuous.

(p) Use the last item to conclude that the function z — z'/™

continuous.

from [0,00) — [0, 00) is

Weierstrass Theorem. Let f: [a,b] — R be a continuous function. Then f is
bounded.

First Proof. Let F := {x € J :=[a,b] : f is bounded on [a,z]}. The conclusion of the
theorem is that b € E.

Since f is continuous at a, using Item 13, we see that f is bounded on [a,a + §) for
some 0 > 0. Hence a + §/2 € E. Obviously F is bounded by b. Let ¢ = sup E. Since
a+6/2 € E we have a < ¢. Since b is an upper bound for E, ¢ < b. Thus a < ¢ < b.
We intend to show that ¢ € E and ¢ = b. This will complete the proof.
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26.

27.

28.

Since f is continuous at ¢, it is locally bounded, say, on (¢ —d,c¢+ )N J. Let x € E be
such that c—d < & < ¢. Then clearly, f is bounded on [a, ¢] C [a,z]U((c — d,¢+ §) N J).
In particular, ¢ € E. If ¢ < b choose d; < § so that ¢+ §; < b. The above argument
shows that ¢+ 01 € F if ¢ # b. This contradicts the fact that ¢ = sup E. Hence ¢ = b.
This proves the result. O

Second Proof. If false, there exists a sequence (z,) in [a,b] such that |f(z,)] > n
for each n € N. Since [a,b] is compact, there exists a subsequence, say, (xy,) which
converges to  in the compact set [a, b]. Since |f| is continuous, we must have |f(zy, )| —
f(z), in particular, the sequence (|f(zp,)|) is bounded, a contradiction. (This proof

obviously works as long as the domain of the continuous function is a compact subset
of R.) O

Third Proof. If false, then f is not bounded on one of the subintervals, [a, (a + b)/2]
and [(a+0)/2,b]. (Why?) Choose such an interval and call it J;. Note that the length
of Jj is half that of J = [a, b]. Repeat this argument to get a sequence of nested intervals
Jp such that ¢(J,) = 27"4(J) and f is not bounded on each J,. Let ¢ be the unique
common point of this nested sequence of intervals. Using Item 13, we see that f is
bounded on (¢ — §, ¢+ ¢§) for some § > 0. Note that there exists N such that if n > N,
we have J,, C (¢ — d,c+ d). This leads to a contradiction, since f is not bounded on
Jn’s. O

Note that the first proofs of the intermediate value theorem and Weierstrass theorem
are quite similar. We defined appropriate subsets of [a, b] and applied the corresponding
local result (Item 12 and Item 13 respectively) to get the global result. See also Item 14.

The last two theorems (Items 16 and 25) are global results in the following sense.

In the first case, we imposed a restriction on the domain, namely, that it is an interval.
If the domain is not an interval the conclusion does not remain valid. In the second, we
required that the domain is compact, otherwise the result is not true.

Extreme Values Theorem. Let the hypothesis be as in Weierstrass theorem. Then
there exists x1,z9 € [a,b] such that f(x1) < f(z) < f(x2) for all € [a,b]. (In other
words, a continuous function f on a closed and bounded interval is bounded and attains
its maximum and minimum.)

Let M := Lu.b. {f(x) : a < x < b}. If there exists no = € [a,b] such that f(z) = M
then M — f(x) is continuous at each x € [a,b] and M — f(x) > 0 for all = € [a,b]. If
we let g(z) :== 1/(M — f(x) for = € [a,b], then g is continuous on [a,b]. By 1), there
exists A > 0 such that g(z) < A for all x € [a,b]. But then we have, for all = € [a, b],
g(z) == m < Aor M — f(z) > 4. Thus we conclude that f(z) < M — (1/A)
for x € [a,b]. This contradicts our hypothesis that M = Lu.b. {f(x) : « € [a,b]}. We
therefore conclude that there exists z¢|a, b] such that f(z2) = M.

Let m := g.lb. {f(x) : a < x < b}. Arguing similarly we can find an =1 € [a,b] such
that f(z1) = m. O

Second proof. Since M —% < M, there exists x,, € J such that M —% < f(zn) < M.
Hence f(x,) — M. Since J is compact, there exists a subsequence (x,,) such that

Zp, converges to some z € J. By continuity of f at x, f(z,) — f(z). Conclude that
flz) =M. O
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29.

30.

31.

32.

Look at the examples: (i) f: (0,1] — R given by f(x) = 1/z. This is a continuous
unbounded function. The interval here though bounded is not closed at the end points.
(it) f: (~1,1) = R defined by f(x) := ;7. (iii) f: R — R defined by f(z) = .

None of these examples ‘contradict’ Item 25.
Exercises:

(a) Let f: [a,b] — R be continuous. Show that f([a,b]) = [c,d] for some ¢,d € R with
¢ < d. Can you “identify” ¢, d?

(b) Does there exist a continuous function f: [0, 1] — (0, 00) which is onto?

(c) Does there exist a continuous function f: [a,b] — (0,1) which is onto?

(d) Let f: [a,b] — R be continuous such that f(z) > 0 for all z € [a,b]. Show that
there exists § such that f(z) > ¢ for all z € [a, b].

(e) Construct a continuous function from (0,1) onto [0,1]. Can such a function be
one-one?

(f) Let f: [a,b] — R be continuous such that f(xz) > 0 for all € [a,b]. Show that
there exists § such that f(z) > ¢ for all = € [a, b].

(g) Let f: R — R be continuous. Assume that f(z) — 0 as |z| — oo. (Do you
understand this?) Show that there exists ¢ € R such that either f(z) < f(c¢) or
f(z) > f(c) for all z € R. Give an example of a function in which only one of
these happens.

(h) Let f: R — R be a function such that (i) f(R) C (—2,—1)UJ[1,5) and (ii) f(0) =e.

Can you give ‘realistic bounds’ for f?

Monotone Functions

We say that a function f: J C R — R is strictly increasing if for all z,y € J with z < y,
we have f(x) < f(y).

One defines strictly decreasing in a similar way. A monotone function is either strictly
increasing or strictly decreasing.

We shall formulate and prove the results for strictly increasing functions. Analogous
results for decreasing functions f can be arrived at in a similar way or by applying the
result for the increasing functions to — f.

Let J C R be an interval. Let f: J — R be continuous and 1-1. Let a,c,b € J be such
that a < ¢ <b. Then f(c) lies between f(a) and f(b), that is either f(a) < f(c) < f(b)
or f(a) > f(c) > f(b) holds.

Proof. Since f is one-one, we assume without loss of generality that f(a) < f(b). If the
result is false, either f(c) < f(a) or f(c) > f(b).

Let us look at the first case. Then the value y = f(a) lies between the values f(a)
and f(c) at the end points of [a,c]. Since f(c) < f(a) < f(b), y = f(a) also lies
between the values of f at the end points of [¢,b]. Hence there exists € (¢,b) such
that f(x) =y = f(a). Since x > a, this contradicts the fact that f is one-one.
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33.

34.

35.

36.

37.

In case, you did not like the way we used y, you may proceed as follows. Fix any y such
that f(c) <y < f(a). By intermediate value theorem applied to the pair (f, [a, c]), there
exists 1 € (a,c) such that f(x1) =y. Since f(a) < f(b), we also have f(c) <y < f(b).
Hence there exists z2 € (¢, b) such that f(x9) =y. Clearly z1 # xo.

The second case when f(c) > f(b) is similarly dealt with. O
Theorem. Let J C R be an interval. Let f: J — R be continuous and 1-1. Then f is
momnotone.

Proof. Fix a,b € J, say with a < b. We assume without loss of generality that
f(a) < f(b). We need to show that for all z,y € J with < y we have f(z) < f(y).

(i) If 2 < a, then < a < b and hence f(z) < f(a) < f(b).
(ii) If e < & < b, then f(a) < f(x) < f(b).
(iii) If b < x, then f(a) < f(b) < f(x).

In particular, f(z) < f(a) if z < a and f(z)> f(a)if z > a. (6)

If x < a<uy,then f(z) < f(a) < f(y) by (6).
If x <y <a,then f(z) < f(a) by (6) and f(z) < f(y) < f(a) by the last item.
If a <z <y, then f(a) < f(y) by (6) and f(a) < f(z) < f(y) by the last item.

Hence f is strictly increasing. d

—

We observed that the intermediate value theorem says that the image of an interval
under a continuous function is an interval.

What is the converse of this statement? The converse is in general not true. A partial
converse is found in the next item.

Proposition. Let J be an interval and f: J — R be monotone. Assume that f(J) =1
1s an interval. Then f is continuous.

Proof. We deal with the case when f is strictly increasing. Let a € J. Assume that a
is not an endpoint of J. We prove the continuity of f at a using the - definition.

Since a is not an endpoint of J, there exists x1,x2 € J such that 1 < a < x9 and hence
f(z1) < f(a) < f(x2). It follows that there exists n > 0 such that (f(a)—n, f(a)+n) C
(f(21), fz2)) C 1.

Let £ > 0 be given. We may assume € < 1. Let s1,s9 € J be such that f(s1) = f(a) —¢
and f(s2) = f(a) +¢e. Let § := min{a — 51,80 —a}. If z € (a —d,a+ ) C (s1,52),
then, f(a) —e = f(s1) < f(z) < f(s2) = f(a) + ¢, that is, if z € (a — J,a + J), then
f(z) € (f(a) — ¢, fla) +&).

If a is an endpoint of J, an obvious modification of the proof works. O

Let f: J — R be an increasing continuous function on an interval J. Then f(J) is an
interval, f: J — f(J) is a bijection and the inverse f~!': f(J) — J is continuous.

Consider the n-th root function f: [0,00) — [0,00) given by f(z) := z'/". We can use
the last item to conclude that f is continuous, a fact seen by us in Item 10g.
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38.

39.

40.
41.

42.

43.

44.

45.

46.
47.

48.

49.

50.
ol.

Exercise: Let f: R — R be an additive homomorphism. If f is monotone, then f(z) =
f(1)z for all x € R.
Limits

Let J C R be an interval. Let a € J. Assume that f: J\ {a} — R be any function.
We say that lim,_,, f(x) exists if there exists £ € R such that for any given € > 0, there
exists § > 0 such that

O<lr—a|<d = |f(x) -4 <e.

Note that a need not be in the domain of f. Even if @ lies in the domain of f, £ need
not be f(a). We let lim,_,, f(z) stand for ¢ and call ¢ as the limit of f as z — a.

With the notation of the last item the ‘limit’ ¢ is unique.

Let f: R — R be given by f(z) = ’”2724 for  # 2 and f(2) = e. Then lim,_,2 f(x) = 4.

r—

We proved this using - definition.

Theorem. Let J C R be an interval. Let a € J. Assume that f: J\ {a} — R be any
function. Then lim,_,, f(z) = £ iff for every sequence (x,,) with x, € J \ {a} with the
property that x, — a, we have f(x,) — L.

The proof is quite similar to that in Item 9. We still went through the proof. 0

Let f: J — R be given ¢ € J. Is there any relation between lim,_,. f(z) and the
continuity of f at c?

Theorem. Let J C R be an interval and ¢ € J. Then f is continuous at c iff
lim,_,. f(z) exists and the limit is f(c). O

Formulate results analogous to algebra of convergent sequences and algebra of continu-
ous functions. Do you ‘see’ proofs of them in your mind?

Can you think of a result on the existence of a limit for a composition of functions?

If lim,_,, f(x) = a and if g is defined in an interval containing « and is continuous at
a, then limy_,4(g o f)(z) exists and it is g(«). (Compare Item 7.)

How to define one sided limits such as lim,_q+ f(2)?

What is the relation between the one sided limits limy 4+ f(2), limgy—q— f(x) and the
limit lim,_,, f(2)?

How to assign a meaning to the symbol lim,_,~ f(z) = ¢ for a function f: (4, 00) — R?

How to assign a meaning to lim,_,  f(z) = ¢ for a function f: (—o0,d) — R?

How to assign a meaning to the symbol lim,_,, f(xz) = co? Hint: Recall how we defined
a sequence diverging to infinity (in Item 35).

How to assign a meaning to the symbol lim,_,~ f(z) = 00?7 And so on!

Some of the examples we looked at:
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(a) f:R* — R given by f(x) := x/|z|. limz—ot f(z) =1 and lim,_,o_ f(z) = —1.
(b) limg_o f(x) = 0 where f(x) = |z| if x # 0 and f(0) = 23.

(c¢) limgz—o ?12 =0.

(d) limg_o4 % = oo and limg_g— % = —o0.

)

(e) Let f: R — R be defined by f(z) = #Sin(mc) for x € [n,n + 1). Then
limg 100 f(x) = 0.

52. Using the equation (5) in Item 22, we see that for an odd degree polynomial P(X) with
leading coefficient 1

lim P(X) =00 and lim P(X)= —o0.

T—00 T—r—00

53. Exercises:

(a) Find the limits using the e-d definition.

3 3
T z°—a
1. hmx_m T—a
ii. limg_ozsin(1l/z).
2
cer e z2-4
111. hmx_)Q m

(b) Let J C R be an interval. Assume that a € J and that f: J\ {a} — R is such
that lim,_,, f(z) = £. If we define f(a) = ¢, then f is continuous at a.
A typical and standard example is f: R* — R given by f(x) := % It is ‘well-
known’ that, lim, o f(x) = 1. Hence if we define g(z) := f(x) for z # 0 and
g(0) =1, then g: R — R is continuous.

54. We shall have a closer look at the relation between the existence of one sided limits and
the continuity in the case of an increasing function in the next few Items.
Look at the graphs of the following increasing functions. Do you see what happens at
the points of discontinuity?
(a) f: R — R defined by f(z) := [z].
(b) f: R — R defined by f(z) :=[z] for z ¢ Z and f(z) =z +91/2) if z € Z.
55. Let J C R be an interval and f: J — R be increasing. Assume that ¢ € J is not an
endpoint of J. Then

(i) limg—e f=Llub. {f(z): 2z € J;z < c}.
(i) img—e, f=gLlb. {f(z): 2z € J;x > c}.

56. Let the hypothesis be as in the last item. Then the following are equivalent:
(i) f is continuous at c.

(i) img e f = f(c) = limy s, f.
(iii) Lub. {f(z) :xz € J;x < c} = f(c) =glb. {f(x) :x € J;z > c}.

What is the formulation if ¢ is an endpoint of J?
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57.

98.

59.

60.

61.

62.

Let J C R be an interval and f: J — R be increasing. Assume that ¢ € J is not an
endpoint of J. The jump at c is defined as

Jrle) == gcll)ng f—xgrgf =glb. {f(z):z € J;x>c}—Llub. {f(z):z € Jyx <c}.

How is the jump j(c) defined if ¢ is an endpoint?

Let J C R be an interval and f: J — R be increasing. Then f is continuous at ¢ € J
iff jr(c) =0. O

Theorem. Let J C R be an interval and f: J — R be increasing. Then the set D of
points of J at which f is discontinuous is countable.

Proof. Assume that f is increasing. Then ¢ € J belongs to D iff the interval J. :=
(f(c-), f(cy)) is nonempty. For, ¢,d € D, with, say, ¢ < d, the intervals J. and J; are
disjoint. (Why?)

Let ¢ < t < d. Since f(c+) = glb. {f(z) : z > ¢}, and since t > ¢, we see that
fle+) < f(t). Similarly, f(d—) = Lub. {f(y) : y < d}. Since t < d, we see that
f(t) < f(d=). Thus, f(c+) < f(t) < f(d—).

Thus the collection {J. : ¢ € D} is a pairwise disjoint family of open intervals. Such a

collection is countable. For, choose r. € J. N Q. Then the map ¢ — r. from D to Q is
one-one. ]

Uniform Continuity

Let J C R be any subset. A function f: J — R is uniformly continuous on J if for each
€ > 0 there exists § > 0 such that

x1,x2 € J with |1, 22| <0 = |f(x1) — f(z2)| < e.

Unlike continuity, uniform continuity is a global concept.

The notion of uniform continuity of f gives us control on the variation of the images of
a pair of points which are close to each other independent of where they lie in the space
X. Go through Example 62 and Example 63. In these two examples, it is instructive
to draw the graphs of the functions under discussion and try to understand the remark
above.

Let o > 0. Let f: (0,00) — R be given by f(x) = 1/x. Then f is uniformly continuous

on (a,00) but not on (0, 00).

@) — fy) = 2 ol

Ty a?

The function g: (0,00) — R given by g(x) = 1/z is not uniformly continuous. Assume
the contrary. Look at the graph of f near x = 0. You will notice that if x and y are
very close to each other and are also very near to 0 (which is not in the domain of f,
though), their values vary very much. This suggests us a method of attack. If f is
uniformly continuous on (0,00), then for ¢ = 1, there exists § > 0. Choose N > 1/6.
Let x =1/N and y = 1/2N. Then |f(z) — f(y)| > 1.
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63.

64.

65.

66.

67.

68.

69.

Let f: R — R be given by f(z) = 22. Let A be any bounded subset of R, say,
A = [-R,R]. Then f is uniformly continuous on A but not on R! If you look at the
graph of f, you will notice that if z is very large (that is, near to co), and if y is very
near to xz, the variations i f(z) and f(y) become large. If f were uniformly continuous
on R, then for ¢ = 1 we can find a ¢ as in the definition. Choose N so that N > 1/4.
Take z = N and y = N + 1/N. Then |f(z) — f(y)| > 2. If z,y € [~ R, R], then

[f(z) = fy)l =z +ylle —y| <2R |z —yl,
which establishes the uniform continuity of f on [—R, R].
Any Lipschitz function is uniformly continuous. (See Item 11.)

Let J C be an interval. Let f: J — R be differentiable with bounded derivative, that
is, |f'(x)] < L for some L > 0. Then f is Lipschitz with Lipschitz constant L. It
particular, f is uniformly continuous on J. Hint: Recall the mean value theorem.

Specific examples: f(z) = sinz, g(x) = cosz are Lipschitz on R. The inverse of tan,
tan~!: (—7/2,7/2) — R is Lipschitz.

Let f: J — R be uniformly continuous. Then f maps Cauchy sequences in J to Cauchy
sequences in R.

Given € > 0, choose § by uniform continuity of f. Since (z,,) is Cauchy, we have ng for

this §. This ng will do to establish that (f(zy)) is Cauchy in Y.

The converse of the proposition is not true. Hint: Consider f(x) = z? on R. Recall
that any Cauchy sequence is bounded.
Let J be compact. Then any continuous function f: J — R is uniformly continuous.

Proof. 1If f is not uniformly continuous, then there exists ¢ > 0 such that for all 1/n
we can find ay,b, € J such that |a, — b,| < 1/n but |f(a,) — f(bn)| > €. Since J is
compact, there exists a subsequence (ay, ) such that a,, — a € J. It is easily seen that
by, — a. By continuity, f(a,,) — f(a) and also f(b,,) — f(a). In particular, for all
sufficiently large k, we must have |f(a,, ) — f(bn,)| < €, a contradiction. O

Exercises:

(a) Let f: R — R be continuous and periodic with period p: f(z + p) = f(z) for
all z € R. Show that f is uniformly continuous. (Examples are sin and cos with
period p = 27.)

(b) Let f(z) = %—I—l cosz? on [0,00). Show f is uniformly continuous.
¢) Let f(z) = 2'/2 on [0,00). Is f uniformly continuous?
(c) Let f(x) : y

(d) Let f be uniformly continuous on [a, c] and also on [c, b]. Show that it is uniformly
continuous on [a, b].

(e) Show that f(z) = w is uniformly continuous on (—1,0) and (0,1) but not on
<_17 0) U (07 1)

(f) f 0 # A C R, show that f = d4 is uniformly continuous where d4(x) :=
g.lb. {d(z,a) : a € A}. See Item 3k.
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(g) A function f: R — R is uniformly continuous iff whenever (z,) and (y,) are
sequences of R such that |z, — y,| — 0 we have |f(zy) — f(yn)| — 0.

(h) Let f: B C R — R be uniformly continuous on a bounded set B. Show that f(B)
is bounded.

(i) Let f: J € R — R be uniformly continuous with |f(z)| > n > 0 for all z € X.
Then 1/ f is uniformly continuous on J. Hint: Adapt the argument in Example 62.

(j) Let f(x) := y/x for x € [0,1]. Then f is uniformly continuous but not Lipschitz
on [0,1]. Hint: Can there exist an L > 0 such that |f(x)| < L|z| for all z € [0,1]?

(k) Check for uniform continuity of the functions on their domains:

(a) f(z) :=sin(1/x), = € (0,1].
(b) g(x) := xsin(1/x), = € (0,1].
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4 Differentiation

1. The basic idea of differential calculus (as perceived by modern mathematics) is to ‘ap-
proximate’ at a point a given function by an affine (linear) function (or a first degree
polynomial).

2. Let J be an interval and ¢ € J. Let f: J —-— R be given. We wish to approximate
f(z) for x near 0 by a polynomial of the form a+ b(xz —¢). To keep the notation simple,
let us assume ¢ = 0. What is meant by ‘approximation’? If E(z) := f(z) —a — bz is
the error by taking the value of f(x) as a + bx near 0, what we want is that the error

goes to zero much faster than x going to zero. As we have seen earlier this means that
f(@)—a—bz _ 0

xT

If this happens, then it is easy to see that a = f(0). Hence the requirement is that there

exists a real number b such that lim,_.o w =b.

lim, 0

If such is the case, we say that f is differentiable at ¢ = 0 and denote the (unique) real
number b by f/(0). It is called the derivative of f at 0.

3. We say that f is differentiable at ¢ € J if we can approximate the increment f(z)—f(c) =
f(ec+ h) — f(c) in the dependent variable by a linear polynomial a(x — ¢) = ah in the
increment. Approximation here means that the ‘error’ should go to zero much faster
than the increment going to zero.

4. In terms of e-d, we say that f is differentiable at c if there exists a € R such that for
any given € > 0 there exists a d > 0 such that

reJand0< |z —c| <d = [f(x) — f(c) —a(x — )] < elz —¢|. (7)

5. Examples.

(a) Let f: J — R be a constant, say, C. Then f is differentiable at ¢ € J with
fle)=0

(b) f:J — R be given by f(z) = z. Then f’(¢) = 1 for ¢ € J. More generally, if
f(z) = ax + b, then f'(c) = a for c € J.

(c) If f: J — R is given by f(z) = 2™, n € N, then f’(c) = nc"~!. For, note that
flc4+h) = f(c) = (c+h)" =" =nc" 'h + terms involving higher powers of h.

6. Theorem. Let f: J — R be given. Then f is differentiable at ¢ € J iff there exists a
function f1: J — R continuous at c such that

f(x) = f(e) + fi(z)(z —c) forz e J. (8)

In such a case, f'(c) = fi(c).
Proof. Assume that f is differentiable at c¢. Define

r—cC

fi(@) f@)=f(c) forx € Jand z # ¢
xXr) =
1 f’(c) ifz=c.
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Complete the proof. O

In spite of its simplicity, this is a very powerful characterization of differentiability at a
point. We illustrate its use in the next few items.

7. Let f(z) = 1/z for z > 0. Then f’(c) = —1/c?. For,

where f1(z) = 75575

8. Let f(z) = €%, x € R. Using the standard facts about the exponential function, we

show that f/(c S e¢
N 0 L
fle+h)— f(c) =¢€(e l)zec<hz " )
k=1

9. Let f(z) =™ for z € R. Then

f(z) — f(e) = (x — ¢) fi(x), where fi(x) = 2l et

It is clear that fi is continuous at 2 = ¢ and that fi(c) = nc® 1.

10. If f is differentiable at ¢, then f is continuous at c.

Observe that the RHS of f(z) = f(c) + fi(z)(x — ¢) is continuous at c.

11. Algebra of differentiable functions. Let f,g: J — R be differentiable at ¢ € J.
Then
(a) f + g is differentiable at ¢ with (f + g)'(c) = f'(c) + ¢'(c).
(b) af is differentiable at ¢ with («a.f)'(c) = af'(c).
(c) fg is differentiable at ¢ with (fg)'(c) = f(c)g'(c) + f'(c)g(c).
(d) If f is differentiable at ¢ with f(c) # 0, then ¢ := 1/f is differentiable at ¢ with
#(0) = ~thpe

/

12. Exercises:

(a) Show that f: R — R given by f(x) = |z| is not differentiable at x = 0.

(b) Let f: R — R be such that |f(z) — f(y)| < (z — y)? for all x,y. Show that f is
differentiable, the derivative is zero. Hence conclude that f is a constant.

(c) Let f: R — R be given by f(z) = 2% if # € Q and f(z) = 0 if # ¢ Q. Show that f
is differentiable at 2z = 0. Find f/(0).

(d) Show that f(z) = x/3 is not differentiable at z = 0.

(e) Let n € N. Define f: R — R by f(x) = 2" for z > 0 and f(z) =0 if z < 0. For
which values of n,

i. is f continuous at 07
ii. is f differentiable at 07
iii. is f’ continuous at 07
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13.

14.

15.

16.

17.

18.

19.

iv. is f/ differentiable at 07
(f) Let f: J — R be differentiable. Let =, < ¢ <y, be such that y, — z,, — 0. Show

that
n Yn — Tn

Chain Rule. If f(J) C Ji, an interval and if g: J; — R is differentiable at f(c), then
g o f is differentiable at ¢ with (go f) (c) = ¢'(f(c)) - f'(c).

We discussed the proofs of the last two items and said that you would write the proofs
on your own. S0, I am not sketching the proofs here!

Let D, (J) (respectively Cy(J)) denote the set of functions on J differentiable (respec-
tively continuous) at a. Then D,(J) is a vector subspace of Cy(J).

We shall assume that the properties of the following functions and their derivatives are
known.

f'(z) =e.
logx x>0, and f'(z) =1/x.

a) f(x)
() =
(r) = 2% where z > 0 and o € R. Then f'(z) = ax® L.
()
() =

(a)
(b)
()
)
)

X

X

(d) f(z

(e
Exercise: Let r € Q. Define f(x) = 2" sin(1/x) for z # 0 and f(0) = 0. For what values
of r, is f differentiable at 07

sinz, f'(z) = cosz.

o S S

x) =cosz and f'(zr) = —sinz.

Let J C R be an interval and f: J — R be a function. We say that a point ¢ € J is a
point of local mazimum if there exists 6 > 0 such that (c—9,c+3d) C J and f(z) < f(c)
for all x € (¢ — d,c+6).

A local minimum is defined similarly.

A point zg € J is said to be a point of (global) maximum if f(z) < f(xo) for all x € J.
Global minimum is defined similarly.

Look at f: [a,b] — R where f(xz) = . Then b is a point of global maximum but NOT
a local maximum. What can you say about a?

On the other hand, look at g: [—27,27] — R defined by g(z) = cosx. The point z = 0
is a local maximum as well as a global maximum. What can you say about the points
T = +277

Theorem. Let J C R be an interval. Let c € J be a local maximum for a differentiable
function f: J — R. Then f'(¢) =0
Similar result holds for local minima as well.

Proof. Compare the two one-sided limits of the difference quotients:

f/(c):hg%l+f(c+h}1_f(c)<0 and f/(c):hg%lf(c+h})b_f(c)>0

Question. Where did we use the fact that c is a local maximum in the proof? Compare
the result with the function of f of Item 18. What is f/(b)? O
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20.

21.

22.

23.

24.

Rolle’s Theorem. Let f: [a,b] — R be such that (i) f is continuous on [a,b], (ii) f
is differentiable on (a,b) and (iii) f(a) = f(b). Then there exists ¢ € (a,b) such that
7(c) = 0.

The geometric interpretation is that there exists ¢ € (a,b) such that the slope of the
tangent to the graph of f at ¢ equals zero.

Proof. By Weierstrass theorem, there exists x1,z2 € [a,b] such that f(z;) < f(z) <
f(z2) for all x € [a,b]. If f(z1) = f(x2), then the result is trivial. (Why?) If not at
least one of x1,xy is different from a and b. (Why?) If x = a and xy # b, then take
c = x9 and apply the last result. O

Mean Value Theorem. Let f: [a,b] — R be such that (i) f is continuous on [a,b]
and (i) f is differentiable on (a,b) Then there exists ¢ € (a,b) such that

fb) = fla) = f'(c)(b - a). 9)

Geometric interpretation: There exists ¢ such that the slope of the tangent to the graph
of f at ¢ equals that of the chord joining the two points (a, f(a) and (b, f(b)).

Proof. Consider g = f(x) — ¢(x), where ¢(z) := f(a) + W(fn — a), the function
defining the chord. Apply the MVT. O

The mean value theorem is the single most important result in the theory of differenti-
ation. Below are two typical applications.

(a) Let J be an interval and f: J — R be differentiable with f' = 0. Then f is a
constant on J.

For any z,y € J, by MVT, we have f(y) — f(x) = f'(2)(y — x) for some z between
x and y. Hence, f(y) = f(x) for all z,y € J.

While discussing this, we saw that we an define the concept of differentiability of a
function f defined on a set U which is the union of open intervals also. However,
it may happen that f: U — R is differentiable with f* = 0 on U but f is not a
constant. For instance, consider U = (—1,0)U(0,1) and f(z) = —1 on (—1,0) and
f(z) =1on (0,1).

(b) Let J be an interval and f: J — R be differentiable with f’(z) > 0 for x € J.
Then f is increasing on J.

For any z,y € J with z < y by MVT, we have f(y) — f(z) = f'(2)(y — x) for some
z between = and y. The right side is positive.

What is the corresponding result when f/(z) < 0 for z € J?

Another application was already seen while discussing uniform continuity, see Item 65.

Mean value theorem is quite useful in proving inequalities. Here are some samples.

(a) e > 1+ for all x € R. (Consider f: [0,z2] — R where f(z) =e®. If 2 < 0, then
consider the interval [z,0].)

(b) e* > ex. (Consider f(z) = e” on [1,x].)

40



(c) 5 <log¥ < =%, 0 <z <y. (Consider f(z)=logx on [z,y].)
(d) & <log(l1+z) <z, x > 0. (Consider f(t):=log(l+t) on [0,x].)
(e) n(b—a)a”t < b —a" <n(b—a)b” !, 0<a<b (Consider f(t) =" on [a,b].)
25. Which is greater €™ or w¢? We prove a more general inequality which answers this
question: if e < a < b, then a® > b
Using Item 24c, we see that

—a

b— b
Ta <log(b/a) <
We have alog(b/a) < b — a. Hence
etlog(b/a) ~ pb—a ~ gb—a (b/a)* < ab/aa = b* < a’.

26. Cauchy’s Form of MVT. Let f,g: [a,b] — R be differentiable. Assume that ¢'(z) # 0
for any = € (a,b). Then there exists ¢ € (a,b) such that

=19 (10)

Proof. Note that g(a) # g(b). (Why?) Let h() := f(z) — Ag(x) where A € R is chosen
so that h(b) = h(a). Then \ = %. Apply Rolle’s theorem and complete the
proof. O

27. Exercises:
(a) Let f: R — R be differentiable such that |f/(z)| < M for some M > 0 for all

z € R.

i. Show that f is uniformly continuous on R.
ii. If € > 0 is sufficiently small, then show that the function g.(z) := z +¢ef(z) is
one-one.

(b) Let f: (a,b) — R be differentiable at = € (a,b). Prove that

i f@ ) = f@—h)

h—0 2h

= f'(@).

Give an example of a function where the limit exists but the function is not differ-
entiable.

(c) Let f:]0,2] — R be given by f(z) := v/2x — 2. Show that f satisfies the condi-
tions of Rolle’s theorem. Find a ¢ such that f'(¢) = 0.
(d) Use MVT to establish the following inequalities:
i. Let b > a > 0. Show that b1/ — @™ < (b — a)'/". Hint: Consider f(z) =
zt/" — (z — 1)/ for suitable value of .

ii. Show that
|sinz —siny| < |z — y|.
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ili. Show that
nr" ty —x) <y"—a" <ny" Ny —x) for 0 <z <y.

iv. Show that ex < e® for all z € R.
v. Show that e > 1+ z for all z > 0.
vi. Bernoulli’s Inequality. Let a > 0 and h > —1. Then

(I+h)* < 1+4ah, for0<a<l, (11)
(I+h)* > 14 ah, fora>1. (12)

(e) Assume that : (a,b) — R is differentiable on except possibly at ¢ € (a,b). Assume
that lim,_,. f/(z) exists. Prove that f’(c) exists and f’ is continuous at c.

(f) Show that the function f(z) = 2% — 322 + 17 is not 1-1 on the interval [—1, 1].
(g) Prove that the equation 2° — 3z +b = 0 has at most one root in the interval [-1, 1].
(h) Show that cosz = 2 + 22 + 4 has exactly one root in [0, 7/2].

(i) Let f(z) = z + 222sin(1/x) for x # 0 and f(0) = 0. Show that f/(0) =1 but f is

not monotonic in any interval around 0.
(j) Let J be an open interval and f,g: J — R be differentiable. Assume that f(a) =
0= f(b) for a,b € J with a < b. Show that f'(¢)+ f(c)g’(c) = 0 for some ¢ € (a,b).
(k) Let f,g: R — R be differentiable. Assume that f(0) = ¢(0) and f'(z) < ¢'(z) for
all z € R. Show that f(z) < g(z) for x > 0.

(1) Let f: R — R be differentiable. Assume that 1 < f/(z) < 2for 2z € Rand f(0) = 0.
Prove that < f(x) < 2z for z > 0.

(m) Let f,g: R — R be differentiable. Let a € R. Define h(z) = f(x) for z < a and
h(z) = g(x) for > a. Find necessary and sufficient conditions which will ensure
that h is differentiable at a. (This is a gluing lemma for differentiable functions.)

(n) Let f: [2,5] — R be continuous and be differentiable on (2,5). Assume that f'(z) =
(f(x))? 4+ = for all x € (a,b). True or false: f(5) — f(2) = 3.

(o) If f'(x) — € as & — oo, then show that f(z)/z — { as © — oco.

(p) If the polynomial P(x) = apz™+an—12" 1+ -+ag, a, # 0, (aj € Rfor 0 < j <n)
has only real roots, then its derivative P’(x) also has only real roots.

(q) Let f: (a,b) — R be differentiable. Assume that lim, o4 f(2z) = lim, - f(2).
Show that there exists ¢ € (a,b) such that f'(c) = 0.

(r) Let f: (0,1] — R be differentiable with |f’(z)| < 1. Define a,, := f(1/n). Show
that (a,) converges.

(s) Let f be continuous on [0, 1], differentiable on (0,1) with f(0) = 0. Prove that if
/' is increasing on (0,1), then g(z) := f(x)/z is increasing on (0,1).

(t) Let f: [a,b] — R be continuous and differentiable on (a,b). Assume further that
f(a) = f(b) = 0. Prove that for any given A € R, there exists ¢ € (a,b) such that

f'(e) = Af(o).
(u) Show that f(z) := xz|z| is differentiable for all z € R. What is f/'(z)? Is f’
continuous? Does f” exist?

42



28.

29.

(v) Let f: R — R be differentiable with f(0) = —3. Assume that f'(z) <5 for z € R.
How large can f(2) possibly be?

(w) Let f: R — R be differentiable with f(1) = 10 and f'(z) > 2 for 1 <z < 4. How
small can f(4) possibly be?
1/x ifx>0
x) Let f(x) =1/z for z # 0 and g(x) = . Let h = f —g. Then
(x) Let f() = 1/z for & # 0 and g(a) {1+<1/x> e fg
I/ = 0 but h is not a constant. Explain.

(y) Let f:[0,1] = R be such that f/'(z) # 0 for 2 € (0,1). Show that f(0) # f(1).

(z) Show that on the graph of any quadratic polynomial f the chord joining the points
(a, f(a)) and (b, f()) is parallel to the tangent line at the midpoint of a and b.

The best reference (in my opinion) for L’Hospital’s Rules is R.R. Goldberg [Reference
3] Section 8.7, pages 224-230. Clean and precise arguments are to be found in this
reference.

L’Hospital’s Rule. Let J be an open interval. Let either a € J or a is an endpoint of
J. (Note that is may happen that a = +o0!) Assume that

(i) f,g: J\ {a} — R is differentiable,

(i) g(x) #0 # ¢'(z) for x € J \ {a} and

(iii) A :=limyq f(x) = limz—y4 g(x) where A is either 0 or oco.

Assume that B := lim,_,, % exists either in R or B = £00. Then

lim 7)oy £@) _

a—a g(x) z—a g/(x)

Sketch of a proof.
Case 1. We attend to a simple case where A =0, a € R and B € R.

Set f(a) =0 = g(a). Then f and g are continuous on J. Let (z,) be a sequence in J
such that either z,, > a or x,, < a for all n € N and z,, — a. By Cauchy’s MVT, there
exists ¢, between a and x,, such that

f(@n) — fla) _ f'(cn)
9(zn) —ga)  g'(cn)’

Since f(a) =0 = g(a), it follows that

f(zn) N f(xy) — f(a) _ f/(cn)

9(xn) g(wn) — g(a) g (cn) '

Clearly, ¢, — a. By hypothesis, the sequence f’(¢;,)/¢'(¢n) — B and hence the result.
Case 2. Let us now look at the case when A = oo. Write h(z) = f(z) — Bg(x),
x € J\{a}. Then I/(x) = f'(x) — Bg'(x) so that
h/
i (@)
a—a g'(x)
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We want to show that lim,_,, Mz) 0. Let e > 0 be given. Then there exists §; > 0

g(x)
such that

W(z)
g ()

g(x) >0 and | |<%f0rw€(a,a+51].

If z € (a,a+ 61), then
h(z) — h(d1) R'(c

= ) or some c T.a
9(2) 91~ glen) r € (z,a+6).

From (13)-(14), we get

h(z) — h(d1)
g9(x) —g(61)

Since lim,_,, g(x) = 00, there exists do < d; such that

|<%form6(a,a+61).

g(x) > g(861) for x € (a,a + d2).
From (13) and (16), we deduce
0<g(z)—g(0) < g(x), for x € (a,a+ 2).

From (15) and (17), we get

[A(z) = h(Su)| _ |h(z) — h(61)|
9(x) g(x) — g(1)

Now choose d3 < do so that

[A(00)] < or x € (a
g(:r) <2f € (a,03).

Algebra gives us
h(z)  h(x) —h(01)  h(é1)

9(x) 9(x) 9(x)
Using this, if € (a,a + J3), we have

Hence by (18) and (19)
h(z)
—| < e, for x € (a,a+ 63).
(21) says that lim,_,, % = 0. Since
f@) _h@) ,
g()  g(=)
the result follows.

The other cases are left to the reader as instructive exercises.
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30. Typical (and important) applications.
(a) f(x) = logz and g(z) = x for x > 0. We know that lim,_,~ f(z) = oo and

lim, 00 g(x) = 00. Also,

!
lim Fx) =0 so that lim

z—300 g’(x) T—00 I

log

= 0.

(b) Repeated application of L’Hospital’s rule yields

n na ! .onl

. xr .
lim — = lim =...= lim — =0.
r—o00 e¥ rz—oo eT r—00 T

(c¢) Recall that limg_o4 f(1/2) = limy—soo f(z). (Why?) From the last item we con-
clude

lim 2 "e /% = 0.
r—0+

31. Item 30c gives rise to an interesting example of a function. Consider

Fa) = {e‘l/x forz >0

0 for x <0.

Then we have from Item 30c,

z—0+ T z—0+ X

A similar example is

e~ V*  for 2 £ 0
Fo) = ’
0 for x = 0.

We shall return to these examples later (if time permits).

32. Darboux theorem. Let f: [a,b] — R be differentiable. Assume that f'(a) < A <
f'(b). Then there exists ¢ € (a,b) such that f'(¢) = A. (Thus, though f’ need not be
continuous, it enjoys the intermediate value property.)

Hint: Consider g(z) = f(x) — Az. It attains a global minimum at some ¢ € [a, b]. Show
that it is a local minimum. (Why can’t we work with a maximum?)

33. What are all the differentiable functions f: [0, 1] — R the slopes of the tangents to their
graphs are always rational?

34. Let f: (a,b) — R be differentiable. Assume that f’(z) # 0 for z € (a,b). Show that f

is monotone on (a,b).

35. To make sure that Darboux theorem can be applied to a larger class of functions, we
looked at some functions which are differentiable whose derivatives are not continuous.
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36.

37.

38.

Higher derivatives. You all knew what is meant by higher derivatives. A function all
of whose derivatives exist is called an infinitely differentiable function and also called a
C*°-function.

We looked at a couple of examples.

a"sin(l/xz) x#0
0 x=0.

" x>0
b =
(b) f(x) { v
2 ifz <0
(c) Let f(z) = . . Then f’(0) exists but f”(0) does not.
3 if x> 0.
(d) Let f(z) := |z|. Define gi(z) := [y f(¢t)dt. Then, by the fundamental theorem

of calculus, g1 is dlfferentlable Wlth derlvatwe gi(x) = f(x). Define recursively,
gn(z) =[5 gn-1(t)dt. Then g, is n-times continuously differentiable but not
(n + 1)-times differentiable.

(e) The function in Item 31 is infinitely differentiable with ¢(™)(0) = 0.

Exercise: Prove Leibniz formula: If h = fg is a product of two functions with derivatives

up to order n, then
n

KM (z) = Z <Z> FO (2)g™ (). (22)

k=0

Taylor’s Theorem. Assume that f: [a,b] — R is such that f(® is continuous on [a, b]
and f(*1)(z) exists on (a,b). Fix z¢ € [a,b]. Then for each = € [a,b] with = # o,
there exists ¢ between x and x( such that

Fla) = flao) + Z (=207 ) gy CT8 T pon oy

Proof. Define
n
_l’_
k=1

where M is chosen so that F(xg) = f(x). This is possible since x # zo. Clearly, F' is
continuous on [a, b], differentiable on (a,b) and F(z) = f(z) = F (o). Hence by Rolle’s
theorem, there exists ¢ € (a, b) such that

f(’“ (t) + M(z —t)"*,

0=F'(c) = Mf<n+1>(c) — (n+1)M(z — )"

n!
Thus, M = £ ((:LJ:I))(f ). Hence
— (z—x0)* 1 (x —20)"™ (i)
fy F g - 7 A A n
f(z) (w0) = f(o) +; ! [ (o) + e f (c)
This is what we wanted. O
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39.

40.

41.

42.

The equation (23) is called the n-th order Taylor expansion of the function f at x.

The term %(m — 20)™*! is called the remainder term in the Taylor expansion. It is
usually denoted by R,. This form of the remainder is the simplest and is known as the
Lagrange’s form. There are two other forms which are more useful: Cauchy’s form and
the integral form of the remainder. Personally, I like the integral form as integrals are

easier to estimate!
Exercise: Existence of some interesting C'*° functions.

(a) Consider f: R — R defined by

0 fort <0
1) = {exp(—l/t) for t > 0.

f is differentiable on R™ \ {0}.
Show that (™) (0) exists for all n € N and hence f is infinitely differentiable on all
of R.

(b) Let f: R — R defined by

1
e 2 t>0
t) = .
) {0 o

Show that f is infinitely differentiable.

(c) Let f be as in Ex. 40b. Let € > 0 be given. Define g.(t) := f(t)/(f(t) + f(e — 1))
for t € R. Then g, is differentiable, 0 < g. <1, ¢g-(¢t) =0 iff t <0 and g.(¢t) = 1 iff
t>e.

The next few items (Items 42-48 deal with the other forms of the remainder term in
the Taylor expansion and their nontrivial applications. If time is short, they may be
omitted in a first course and one may jump to Item 49.

(Taylor’s Theorem with Remainder) Let n and p be natural numbers. Assume that
f:la,b] — R is such that f(®1) is continuous on [a,b] and £ (z) exists on (a,b).
Then there exists ¢ € (a,b) such that

b— 2 b— n—1
10 = 1@+ 0-ar@+ o v O e LR 2
where (b— ey "
. — )" —a (n)
R = C—r 0 00 o), (25)
In particular, when p = n, we get Lagrange’s form of the remainder
b—a)”
R, = n!“> (), (26)

and when p = 1, we get Cauchy’s form of the remainder

R, = (b—a)wf(")(c) where c=a+6(b—a), 0<0 <1 (27)
" (n—1)! ’ ’

(b— a)"(l —0)" 1™ (a + (b — a)), where 0 < 6 := o= Z) <1 (28)

(n—1)!
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43.

Proof. The proof is an obvious modification the earlier proof.

Consider

Y SN Clet) P TR () LY
F() = £(8) - f@) — (b~ 0)f ) - L ) ),

We have for z € (a,b),

A )

Fi(e) = (n—1)!

(29)

We now define

o) = Plo) - (=2 Fla) (30)

The ¢ is continuous on [a, b], differentiable on (a,b) and g(a) = 0 = g(b). Hence by
Rolle’s theorem, there exists ¢ € (a,b) such that ¢’(c¢) = 0. Using the definition of g in
(30) we get

0=g'(c)=F'(c) + p(g)_i)pF(a). (31)
Using (29) in (31) and simplifying we get
—c n—1 —c p—1
e = M=) (32)

That is, F(a) = (bc}))(n_—plba)p f™(c). This is what we set out to prove.

Lagrange’s form of the remainder (26) and Cauchy’s form (27) are obvious. If we write
¢c=a+ 6(b— a) for some 6 € (0,1), Cauchy’s form (28) of the remainder is obtained
from (25). O

Binomial Series. We now show how both forms of the remainder are required to prove
the convergence of the binomial series.

Let m € R. Define

(T;) =1 and <7Z> — m(m—l)--k;!(m—kﬂ) P

Then
> —1
(1—}-36)7”:5 <T£)xk:1+mx+m(m>+---,for\$|<1.

Proof. If m € N, this is the usual binomial theorem. In this case, the series is finite and
there is no restriction on z.

Let m ¢ N. Consider f: (—1,00) — R defined by f(z) = (1 4+ z)™. For z > —1, we
have

F@)=m1+z)"" @) =mm—1)-(m—n+1)(1+z)™"
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44.

If x = 0, the result is trivial as 1" = 1. Now for x # 0, by Taylor’s theorem
n—1 m
f@)=fO)+zf(0)+ - +Ry=> < >:1:k + R,
k
k=0
Therefore, to prove the theorem, we need to show that, for |z| < 1,
n—1 m
f(x)—kzo(k>mk\ = |Ry| = 0 as n — oco.

To prove R,, — 0, we use Lagrange’s form for the case 0 < z < 1.
n
Rl = 5100 = (7 )14 oy < (7)ol
n! n n

if n > m, since 0 < < 1. Letting a,, := ](:’;)ac”], we see that an41/a, = xmlﬁ — .

Since 0 < = < 1, the ratio test says that the series ) a, is convergent. In particular,
the n-th term a, — 0. Since |R,| < ay,, it follows that R, — 0 when 0 < z < 1.

Let us now attend to the case when —1 < z < 0. If we try to use the Lagrange form of
the remainder we obtain the estimate

IRn| < | <’Z) 2"(1 4 02)™ ") < y(jj) 2"(1 — )™

if n > m. This is not helpful as (1 — )™~ " shoots to infinity if § goes near 1. Let us
now try Cauchy’s form.

ml = (M) (g ) (1 + 02y

n—1 1+ 0z
m—1
< n 1 m=1lj
< |mx (n—1>( +6z)" | (33)

Now, 0 < 1+x <1+ 60x < 1. Hence |(1 + 6z)™ 1| < C for some C > 0. Note that C
is independent of n but dependent on .

It follows that |z" (777:11)| — 0 so that R, — 0. This completes the proof of the theorem.
O

As another application of Taylor’s theorem with Lagrange form of the remainder, we
now establish the sum of the standard alternating series is log 2:

= (-
log2 = —_—
og ; 2

Consider the function f: (—1,00) — R defined by f(z) := log(1l 4+ x). By a simple
induction argument, we see that

fP@) = ()" - DL+ a)
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45.

Hence the Taylor series of f around 0 is

n=0

We now wish to show that the series is convergent at = 1. This means that we need to
show that the sum of the series at x = 1 is convergent. We therefore take a =0, b =1
in Taylor’s theorem and show that the remainder term (in Lagrange’s form) R,, — 0.
For each n € N, there exists ¢, € (0,1) such that

f®e) (-1 -1t

R, = =
n! nl(1+ cp)”
We have an obvious estimate:
Ra = | E = D <L
nl(1+c,)” '~ (1—|—cn) n
00 (n) 0o —1)n—1
Hence log2 = f(1) = > 1fn()1 :anl%. O

Taylor’s Theorem with Integral Form of the Remainder. Let f be function on
an interval J with £ continuous on J. Let a,b € J. Then

=@+ L0y E2 oyt i g, (3)
e o= [ 0= b g 35
o= [ (33)

Proof. We begin with

+ /ab f(t) dt

We apply integration by parts formula fab udv = wv|% — Jw/dv to the integral where
u(t) = f'(t) and v = —(b —t). (Note the non-obvious choice of v!) We get

/f )t = /f”

b
ﬂwzﬂw+f@w—@+/fWMb

We again apply integration by parts to the integral where u(t) = f”(t) and v(t) =

—(b—t)?/2. We obtain
o [ w2

b
[ rrwe-na- ot

Hence we get
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46.

47.

48.

Hence

—a)? b 2
f(0) = f(a) + ['(a)(b—a) + f”(a)(bg) + / & <t>(b2t) dt.

Assume that the formula for Ry is true:

b k-1
Rk—/a mf(k)(t)dt.

We let
u(t) = f®(t) and v(t) = —(b—t)F!

and apply integration by parts. We get

[ o0 G a= 0wt [ e

By induction the formula for R, is obtained. 0

Recall the mean value theorem for the Riemann integral: Let f: [a,b] — R be continu-
ous. Then there exists ¢ € (a,b) such that

b b
(ba)f(c):/ F(t)dt, that is, f(c):bia/ F(t) dt.

O

We use the last item to deduce Cauchy’s form (27) of the remainder in the Taylor’s
theorem. Applying the mean value theorem for integrals to (35), we conclude that
there exists ¢ € (a, b) such that

(b—c)n 1

R, =(b— a)i(n — )

£ (e),

which is Cauchy’s form (27) of the remainder.

We now apply the integral form of the remainder to deduce Theorem 43 on binomial
series.
Assume that m is not a non-negative integer. Then a,, := (’:) # 0. Since
ny1 M —n
an, Con+41

— 1,

the binomial series

m

M)a™ is convergent for |z| < 1.

has radius of convergence 1. Similarly, the series ) n(
Hence

n(m> 2" — 0 for |z < 1. (36)
n
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49.

50.

We now estimate the remainder term using (36). We have, for 0 < |z| < 1,

R, = /Ox Mn!(TZ)(l—H)m”dt

= [ (1;) (4t (31)

We claim that
‘ rx—t
1+t

Write t = sx for some 0 < s < 1. Then

| <l|z|for —1<zx<t<0or0<t<z<l.

x—t| ‘m—sx| | Hl—s
pry = |
14+t 1+ st 1+4+ts

| <z,

since 1 + sz > 1 — s. Thus the integrand in (37) is bounded by

m(f) (f;z)nl (1+t)"! < n (’:) [ (1 + )™t

Therefore, we obtain

oo <ol (Y=t [ ot < onl (T

n |

which goes to 0 in view of (36).

This completes the proof of the fact that the binomial series converges to (1 +z)™. O
Typical Applications. Write the n-th degree Taylor expansion and analyze the error.

(a) e*.
(b) sinz, etc.

(c) The function in Item 31.

Inverse function theorem. Let f: I := (a,b) — R be continuously differentiable with
f'(x) #0 for all xz. Then (i) f is strictly monotone. (i) f(I) = J is an interval and
(ii) g := f~' is (continuous and) differentiable on the interval J := f((a,b)) and we

have
1

1
@)~ )

g (f(x) = for all x = g(y) € [a,b].

Proof. Since f’ is continuous on I, by the intermediate value theorem exactly one of
the following holds: either f’ > 0 or f/ < 0 on I. Hence f is strictly monotone on I.
By Item 34, .J is an interval. Note that by Item 35, the inverse function g is continuous
on J. Fix ¢ € (a,b). Let d := f(c). Then

9(y) —g(d) r—c 1
y—d  fl@)—flo)  I@=fa" (38)

r—
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ol.

52.

93.

Since g is continuous, if (y,) is a sequence in J converging to d, then x,, := g(yn) — c.

Hence J . )
lim M — lim —

n—o00 Yn — d T S flan)—f(o) f/(C) .

r—cC

Since this is true for any sequence (y,) in J converging to d, we conclude that

— 1
i 9®) —9(d) _ '
y=d y—d f'(c)
One may also take lim,_,4 in (38) and observe that y — d iff + — ¢, thanks to the
continuity of f and g. d

Let f: J — R be a differentiable function on an interval J. A point ¢ € J is a point of
inflection of f if f(x) — f(c) — f'¢)(z — ¢) changes sign as = increases through ¢ in an
interval containing c. Geometrically this means that the graph as a curve crosses the
tangent at the point of inflection. We let Tz) := f(z) — f(¢) — f'¢)(z — ¢) denote the
tangent to the graph of f at (¢, f(c)).

Maxima and Minima. Let n > 2, r > 0. Let f(® be continuous on [a — r,a + 7].
Assume that f(®)(a) =0 for 1 <k <n—1, but f(™(a) # 0.

(i) If n is even, then a is a local extremum. It is a minimum if £ > 0 and a local
maximum if f™ < 0.

Proof. By Taylor’s theorem we have

(x —a)"

' £ (¢), for some ¢ between a and x. (39)
n!

f(z) = fla) +

(i) We have (z — a)™ > 0 for all z. Now, f(™(a) < 0 implies that f(")(¢) < 0 for  near
a by the continuity of . Hence (39) implies that f(z) < f(a) for all such x. Thus a
is a local maximum. The other case is similar.

(ii) » > 3 odd implies that

If (™ (a) < 0, then f(z)—T(x) changes from positive to negative as z increases through
a. Hence a is a point of inflection. Other case is also similar. O

Let J be intervals in R. A function f: J — R is said to be convex if for all ¢ € [0,1] and
for all x,y € J, the following inequality holds:

flz+ (1 =t)y) <tf(z) + (1 —-1)f(y). (40)
Recall that the line joining (y, f(y)) and (=, f(z)) in R? is given by
t(a, f(@) + (L =)y, f(y)) = (ke + (1 =)y, tf () + 1 =) f(y), 0<t <1

Then the y-coordinates of points on this line are given by ¢f(z) + (1 — ¢)f(y). Thus
the geometric meaning of the definition is that the line segment joining (z, f(x)) and
(y, f(y)) is never below the graph of the function.
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95.

56.

If for 0 < ¢t < 1, strict inequality holds in (40), then the function is said to be strictly
convet.

We say that f is concave if the reverse inequality holds in (40).

Derivative test for convexity. Assume that f: [a,b] — R be continuous and differ-
entiable on (a,b). If f’ is increasing on (a,b), then fis convex on [a,b]. In particular, if
f" exists and is nonnegative on (a,b), f is convex.

Proof. Let z = (1 — t)x + ty for some z,y € J := [a,b], 0 < ¢t < 1. Write f(z) =
(1 —1)f(z) +tf(2). It suffices to show that

(1 =8)(f(z) = f(x)) <t (y) = f(2))- (41)
By the MVT, there exist x < r < z and z < s < y such that

f2) = f@) = f'(r)(z —z) and f(y) — f(z) = f/(s)(y — 2)-

Note that z divides the segment [z, y| in the ratio of (1—¢) : ¢t and hence (1—t)(z—z) =
t(y — x). Since f'(r) < f'(s), the inequality (41) follows. O

Examples of convex functions.

(i) e* is (strictly) convex on R.

(i)  is convex on (0,00) for o > 1.

(iii) —z® is strictly convex on (0,00) for 0 < a < 1.
(iv)) zlogz is strictly convex on (0, 7).
(
(
(

—e

v) f(z) = 2% is strictly convex but f”(0) = 0.

vi) f(z) =z + (1/z) is convex on (0,00).

vii) f(x) = 1/z is convex on (0, 00).

If f:(a,b) - R is convex and ¢ € (a,b) is a local minimum, then ¢ is a minimum for f
on (a,b). That is, local minima of convex functions are global minima.

This result is one of the reasons why convex functions are very useful in applications.

Proof. If ¢ were not a point of global minimum, there exists a d € (a,b) (d < cord>c
with f(d) < f(c). Consider the curve y(t) = (1 —t)c+td. Then v(0) = ¢, v(1) = d and

fO@) < (A =1)f(e) +tf(d)
< (1—=t)f(c)+tf(e), t#0
= f(e¢) for all t € (0,1 | (42)

But for ¢ sufficiently small, v(t) € (¢ — €, ¢+ ¢) so that
f(y(@) > f(e) for0<t<e.

which contradicts (42). O
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5 Infinite Series

1. When we write 1/3 = 0.3333..., what do we mean by it?

2. Given a sequence (ay) of real/complex numbers, a formal sum of the form )7, a, (or
> ay, for short) is called an infinite series.

For any n € N, the finite sum s, := a1 + -+ + a,, is called (n-th) partial sum of the
series Y ay,.

We say that the infinite series ) a, is convergent if the sequence (s,,) of partial sums is
convergent. In such a case, the limit s := lim s,, is called the sum of the series and we
denote this fact by the symbol > a, = s.

We say that the series > a,is divergent if the sequence of its partial sums is divergent.

The series ), ay is said to be absolutely convergent if the infinite series ) |an| is
convergent.

If a series is convergent but not absolutely convergent, then it is said to be conditionally
convergent.

3. Let (apn) be a constant sequence a, = c¢ for all n. Then the infinite series > a, is
convergent iff ¢ = 0. For, the partial sum is s, = ne. (s,) is convergent iff ¢ = 0.
(Why? Use Archimedean property.)

4. Let a, be nonnegative reals and assume that ) a, is convergent. Then its sum s is
given by s := sup{s, : n € N}. Hence a series of nonnegative terms is convergent iff the
sequence of partial sums is bounded.

5. Geometric Series. This is the most important example. Let z € C be such that
|z] < 1. Consider the infinite series Y ° ;2". We claim that the series converges to
a:=1/(1-z) for |z| < 1. Its n-th partial sum s,, is given by

sn._zz L

+1

Now, |a — s,| =

Also note that if |z| > 1 then the n-term does not go to 0, so that the series cannot be
convergent in this case. (See Item 10.)

6. Telescoping series. Let (a,) and (b,) be two sequences such that a, = b,y1 — by.
Then Y a, converges iff lim b,, exists, in which case we have

Zan = —by + limb,,.

A typical example: m

7. Zn -z. Observe that n2 < n(n ) for kK > 2. Hence in view of Items 4 and 6, we see

that the series >_ n~2 is convergent.
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10.

11.

12.

13.

Harmonic Series. The series > 2, n~P is convergent if p > 1 and is divergent if
p<L

This series is quite often used in conjunction with the comparison test.
Look at p =1 first. Observe that s; =1, so = 3/2 and sqx > 1 + %
For 0 < p < 1, observe that s, > n-n"? =n!"P — co.

For p > 1, observe that

11 2 2
» 3 S o w
11 1 1 4 [(2)\?
vt S o \»
Lol L o8 ’
g 9 157 gr — \ v
In general, we have
k+1
ok — 1 2k i3
D < 2 <k (43)
2k 41

Now the geometric series >, 2k / 2P(k+1) ig divergent if p < 1 and the geometric series
>, 28 /2PF is convergent if p > 1.

Cauchy criterion for the convergence of an infinite series. The series > ay
converges iff for each € > 0 there exists N € N such that

n,m>N = |s, — sp| <e.

This is quite useful when we want to show that a series is convergent without knowing
its ‘sum’. See Item 13.

If Y, a, converges, then a,, — 0. Hint: The sequence (s,) of partial sums is convergent
and, in particular, |s,, — s;,| — 0 as m,n — oc.

The converse is not true, look at Y~ 1. (Item 8).

If Y2, an =5, then Y% v an =5 — SN ar.
Let s,, denote the partial sums of ) ai. Let oy, := Z]Nvi? ap. Let S:=a1+---+ ap.
Then o), = sy4p — 5.

Algebra of convergent series. Sum of 2 convergent infinite series and the ‘scalar
multiple’ of a convergent infinite series are convergent. We also know their sums.
If )" ay, is absolutely convergent then )", a, is convergent.

To prove: let s,, and o, denote the partial sums of ) a,, and ) |a,| respectively. Then,

for n > m,
n n

sn—sml=1 Y al < Y x| =00 —om,

k=m+1 k=m+1

which converges to 0, as (0,,) is convergent. Hence (s;,) is Cauchy in C.
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14.

15.

16.

17.

18.

19.

Comparison Test. Let ) a, and En b, be series of positive reals. Assume that
an < by for all n. Then (i) if ) b, is convergent, then so is Y a,, and (ii) if > a, is
divergent, so is Y by,.

An extension of comparison test. Let > a, be a series of positive reals. Assume
that ) ay, is convergent and that [b,| < a, for all n. Then ) b, is absolutely
convergent and hence convergent.

If > ay, is divergent, note that its partial sums form an increasing unbounded sequence.
In the case of extension of the comparison test, compare the series ) |b,| and ) ap
to conclude that ) b, is absolutely convergent. O

Exercises for comparison test.

(a) Let b, > 0 and a,, /b, — ¢ > 0. Then either both ) a, and ) b, converge or both
diverge.

(b) Let a, > 0 and b, > 0. Assume that (an+1/an) < (bnt1/b, for all n. Show that

(1) if ) b, converges, then > a, converges and (ii) if b, — 0 so does a,.

The geometric series and the comparison test along with the integral test are the most
basic tricks in dealing with infinite series.

d’Alembert’s Ratio Test. Let > ¢, be a series of positive reals. Assume that
limeptq/cp =1
n

Then the series ) ¢y is
(a) convergent if 0 < r < 1,
(b) divergent if r > 1.

The test is inconclusive if r = 1.

If r < 1, choose an s such that r < s < 1. Then c¢y41 < sc, for all n > N. Hence
cN+k < sfey, for k € N. The convergence of > ¢y follows. If r > 1 then ¢, > ¢y for
all n > N and hence ) ¢, is divergent as the n-th term does not go to 0. The failure
of the test when r = 1 follows from looking at the examples Y, 1/n and )., 1/n? O
Cauchy’ Root Test. Let ) a, be a series of positive reals. Assume that lim, a}/ "=
a. Then the series ) ay is convergent if 0 < a < 1, divergent if @ > 1 and the test is
inconclusive a = 1.

If a < 1, then choose « such that a < o < 1. Then a, < o™ for n > N. Hence by
comparing with the geometric series ), - @", the convergence of ) a, follows. If
a > 1, then a,, > 1 for all large n and hence n-th term does not approach zero. The
examples > 1/n and > 1/n? illustrate the failure of the test when r = 1. O

If f: [a,b] — R is continuous with a < f(x) < S8 for x € [a, b], then

b
ab—a) < / f(x)dz < B(b—a).

We motivated this inequality geometrically by considering a nonnegative function f and
using the geometric interpretation of the definite integral.
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20. Integral Test. Assume that f: [1,00] — ([0,00) is continuous and decreasing. Let

21.

22.

an := f(n). and by, := [|" f(t)dt. Then
(i) > a, converges if (b,) converges.
(i) > ay, diverges if (by,) diverges.

Proof. Observe that for n > 2, we have a, < [ | f(t)dt < an_1 so that

n n n—1
Zakg/ f(t)dthak.
k=2 1 k=1

If the sequence (by,) converges, then (by,) is a bounded increasing sequence. Y ,_, aj <
b,,. Hence (sy,,) is convergent.

If the integral diverges, then b, — co. Since b, < 22;11 ay, the divergence of the series
follows. O
Typical applications of the integral test.

(a) The p-series ), n™P converges if p > 1 and diverges if p < 1.
(b) The series > ng(nw) diverges.
The next two items will not be discussed in the class. They are here for record’s sake.
Exercises:
(a) If (ayn) and (b,) are sequences of positive terms such that a, /b, — ¢. Prove that
> an and ) by, either both converge or both diverge.
(b) As an application of the last item, discuss the convergence of
(a) S21/2n, (b) 3°1/(2n — 1) and (c) 3_2/(n® + 3).

(¢) Let a, >0, a, \(0. and Y a,, is convergent. Prove that na, — 0. Hint: Consider
Ant1+ -+ azn.

(d) Assume that ) a, is absolutely convergent and (b,,) is bounded. Show that »_ a,by,
is convergent. Hint: Use Cauchy criterion.

(e) Let > a, be a convergent series of positive terms. Show that Y a2 is convergent.
More generally, show that > ah is convergent for p > 1.

(f) Let > ay, and > b, be convergent series of positive terms. Show that > v/a,by, is
convergent. Hint: Observe that v/a,b, < a, + b, for all n,

(g) Give an example of a convergent series Y a,, such that the series > a? is divergent.
(h) Give an example of a divergent series Y a,, such that the series > a2 is convergent.

(i) Let (ayn) be a real sequence. Show that ) (an — ant+1) is convergent iff (ay) is
convergent. If the series converges, what is its sum?

(j) When does a series of the form a + (a +b) + (a + 2b) + - - - converge?
(k) Prove that if > |ay| is convergent, then | > ap| < > |ay].
(1) Prove that if |z| < 1,

I+2? o+t a8 a3 a8+ 20425+ =
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23.

24.

25.

26.

(m) Prove that if a convergent series in which only a finite number of terms are negative
is absolutely convergent.

(n) If (n%a,) is convergent, then 3" a, is absolutely convergent.

*Cauchy Condensation Test.If (a,) is a decreasing sequence of nonnegative terms,
then 3" a, and >, 2¥a,. are either both convergent or both divergent.

Proof. Observe

az+as > 2ay

a2n—1+1 + a2n—1+2 4+ -4 agn 2 2n_1a2n.

Adding these inequalities, we get
an on n
Zak > Zak > Z2k_1a2k. (44)
k=1 k=3 k=1

If 3270 2Fag, diverges so does > 5o, 28 a,k. (44) shows that Y ax diverges.
Note that

as+ a3 < 2a9

Agn—1 + CL2n71+1 + -+ agn_1q S 2”710,271_1.

Adding these inequalities, we get

n—1
ag+az+---+agm_1 < ZQkQQk. (45)
k=1

If 92, 2Fayk is convergent, then arguing as above, we conclude that the series 3 ay, is
convergent.

* A typical application of the condensation test: The series n—lp is convergent if p > 1
and divergent if p < 1.

* Abel-Pringsheim. If ) a, is a series of nonnegative terms with (a,) decreasing,
then na, — 0.

Proof. Choose N such that |s, — s;,| < e for n,n > N. For k > N,
kagr < agyq1 + -+ + ag, = So — Sk

Similarly, (k + 1)aggs1 < Sopt+1 — Sk < €. Hence 2kagr, < 2¢ and (2k + 1)agey1 <

Q(k + 1)a2k+1 < 2e. ]

* One may also deduce Abel-Prinsheim from the condensation test. For Y 2Fay, is
convergent. Note that 2"asn — 0. Given k choose n such that 2" < k < 27+1  Then
kap < 2" lagn = 2(2™agnto0.
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27.

28.

29.

30.

31.

32.

* The series ) ﬁ, a > 0,b >0 is divergent. Note that (a,) is decreasing. If it is
convergent, then na,, — 0 by Abel-Pringsheim.

* Theorem (Abel). Let Y a, and > b, be convergent, say, with sums A and B
respectively. Assume that their Cauchy product > ¢, is also convergent to C'. Then
C = AB. See Item 7***

* The tests we have seen so far (except the alternating series test) are for absolute con-
vergence. There are infinite series which are convergent but not absolutely convergent.
These are often quite subtle to handle. (See Items 221 and 224.) We give some tests
which are useful to deal with such series. The basic tool for these tests is the following
Abel’s summation formula.

* Abel’s summation by parts formula. Let (a,) and (b,) be two sequences of
complex numbers. Define A, :== a1 + - -+ + a,. We then have the identity

> arby = Apbni1 — Y Ap(brsr — i) (46)
k=1 k=1

It follows that >, arby converges if (i) the series ) A (br+1 — by) and (ii) the sequence
(Apbp41) converges.

Sketch of a proof. Let Ay = 0. We have
n n n n

Zakbk = Z(Ak — Ap1)by = ZAkbk - ZAkbk+1 + Apbp1.

k=1 k=1 k=1 k=1
(46) follows from this. The last conclusion is an easy consequence of (46).
*Abel’s Lemma. Keep the notation of the last item. Assume further that (i) m <
A, < M for n € N and (ii) (b,) is a decreasing sequence. Then

n
mb1 S Zakbk S Mbl. (47)
k=1

Proof. (47) follows from the summation formula (46), the fact by — bxy1 > 0 and tele-

scoping;:

Zakbk < MZ(bk — bpy1) + Mbyya
k=1

k=1
= M|[(by —b2) + (b2 — b3) + - -+ + (bp = buy1) + bnt]
= Mbs.
The left side inequality in (47) is proved in a similar way. O

*Dedekind’s test. Let (ay,), (by) be two complex sequences. Let A, := (a1 +---+ay).
Assume that (i) (4,) is bounded, (ii) > |bp+1 — by| is convergent and b, — 0. Then
> anby, is convergent. In fact, > anb, = > Ap(bns1 — by).

Proof. We use Abel’s summation formula (46).
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33.

34.

35.

36.

* Dirichlet’s Test. The series ) axby is convergent if the sequence (4,,) where 4,, :=
> p—q ax is bounded and (by) is decreasing to zero.

Sketch of a proof. Assume that |A,| < M for all n. We have A,b,+1 — 0. In view of
the last item, it suffices to prove that ), Ap(br+1 — by) is convergent. Since by \, 0, we
have

| Ak (b1 — br)| < M (b, — bi+1)-

The series ), (by, —bg1) is telescoping. We conclude that >, Ay (br+1—0by) is absolutely
convergent. O

* An important example. Let b, \, 0. Then ) b, sinnx is convergent for all x € R and
> b, cosnz s convergent for all z € R\ {2n7 :n € Z}.

Consider the geometric series:

Zn: Jike _ jix 1 —ein® _ ilntie sin(nx/2)
p 1—ei® sin(x/2)

Taking real and imaginary parts, we get

" sin & cos(n + 1)Z
Z coskr = 2 cos{ )3 (48)
k=1

T
SlIl2

sin & sin(n + 1) %

Z sinkx = 2 . (49)
k=1

a T
SlIl2

We thus have the easy estimates

n n
1 T
| Y coskz| < — and | ) sinkx| < — if sin — # 0.
; | sin § | ; | sin §| 2
Now it is easy complete the proof. ]

* Abel’s Test. Assume that the series ) aj is convergent and the sequence (by) is
monotone and bounded. Then the series ) aiby is convergent.

Proof is quite similar to that of Dirichlet’s test. O

Leibniz Test or Alternating Series Test. Let (¢,,) be a a real monotone sequence
converging to zero. Then " (—1)""!t, is convergent and we have

=ty <Y (1) M, <t
Proof. Clearly so, = (t1 — t2) 4+ -+ - (t2n—1 — t2y) is increasing. Also,

Sop =11 — (ta — t3) — -+ — (tan—2 — ton—1) — ton, < t1.

Hence the sequence (s2,) is a bounded increasing sequence and hence is convergent, say,
to s € R. We claim that s,, = s. Given € > 0, find N € N such that

n>N = |so, — s| <e/2 and [ton+1] < /2.
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37.

38.

39.

40.

For n > N, we have

|s2n41 — 8| < |s2n + tony1 — 8| < [s2n — 8| + [tant1] <e.

(="

n

A typical example:

Let ) ap and a bijection f: N — N be given. Define b, := ay(,). Then the new series
> by, is said to be a rearrangement of > ay,.
Rearranged series > b, may converge to a sum different from that of >_ a,.

Consider the standard alternating series >_(—1)""'n~1. We know that it s convergent,
say, to a sum s. From Item 36 we also know s > t; —ty = 1/2. Hence s # 0. We
rearrange the series to get a new series Y b, which converges to s/2!

Rearrange the given series in such a way that two negative terms follow a positive term:

1 1+1 1 1+ 4 1 1 1+
2 4 3 6 8 2n—-1 4n—-2 4n

(Can you write an explicit formula for b,7) Let t,, denote the n-th partial sum of this
rearranged series. We have

o = (1 1 1 N 1 1 1 R 1 1 1 n

" 2 4 3 6 8 2n—1 4n—2 dn '
In each of the block of three terms (in the brackets), subtract the second term from the
first to get

PR (R U Y (RSN DRURRY GRS S RN,
S \2 4 6 8 in—2 4n DN

Thus t3, — s/2. Also, t3n+1 = t3n + QnIﬁ — 5/2 etc. Hence we conclude that ¢, —
s/2. O

We need to be careful when dealing with infinite series. Mindless algebraic/formal
manipulations may lead to absurdities. Let

s=1—-1+1—1+ -+ (=1)"4...
(Note that s has no meaning, if we apply our knowledge of infinite series!) Then
—s=—-14+1-1414+--=14(-14+1+---)—1=s—1.
Hence s = 1/2. On the other hand
s=1-1)+(1-1)+---=0.
Hence 0 = 1/2!

Riemann’s Theorem. A conditionally convergent series can be made to converge to
any arbitrary real number or even made to diverge by a suitable rearrangement of its
terms. ]

For a proof, refer to Apostol Theorem 8.33 (page 197).
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41.

42.

43.

44.

45.

46.

and a,, =

ap, ifa,>0 —-a, ifa,<0
0  otherwise 0

Given a real series Y a, we let a; := o

otherwise
We call the series Y a) (respectively, > a,) as the positive part or the series of positive
terms (respectively, the negative part or the series of negative terms) of the given series
> a,. Note that both these series have nonnegative terms.

If > ay, is conditionally convergent, then the series of its positive terms and the series
of negative terms are both divergent.

Proof. Let s,, denote the n-th partial sum, «,, the sum of the positive terms in s, and
—Bn, the sum of the negative terms in s,. Then «, > 0 and 5, > 0. Also, we have

n
Oy i= Z lax| = apn + Bn, and s, = o — Bp.
k=1

Let s, — s. Observe that (ay,) and (f,,) are increasing. By hypothesis, o,, — 0o (why?),
s, — s. Note that

On + 8n On — Sn
n 5 Bn 5
Now it is easy to complete the proof. ]

The proof above shows the following. If > a, is a series of real numbers, then > ay,
converges iff " a and > a; converge, in which case we have s = a—f. (Here Y. af = a
and > a, = f.)

Rearrangement of terms. If > a, is absolutely convergent and ) b,, is a rearrange-
ment of > ay, then > b, is convergent and we have Y a, = > by.

Proof. Let t,, denote the n-th partial sum of the series ) b,. Let > a, = s. We claim
that t, — s. Let € > 0 be given. Choose ng € N such that

oo
(n>ny = |sp —s| <e) and Z lan| < e.
no+1

Choose N € N such that {ai,...,an,} C {b1,...,bn}. (That is, choose N so that
{1,...,no} C{f(1),..., f(N)}.) We then have for n > N,

e, o]
[tn — Sno| < Z |ak| <e.
no+1
It follows that for n > N, we have |t,, — s| < [t — Spo| + [Sny, — S| < 2e.

Rearrangement of series of positive terms does not affect the convergence and the sum.
(Why?)

Given two series > 7 | an and > 7 b,, a natural way of defining their product would
be ¢, where ¢, := apb,. If we take > a, = S (=1)"*!/\/n = > by, then they are
convergent and the resulting product series is divergent.
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47.

48.

49.

Given two series > | a, and > 2 | by, their Cauchy product is a series >~ | ¢, where
Cn = Y p_o @kbn—g. It is motivated by the product of polynomials and power series.
For instance, if we let p(z) := Y ' ap2® and q(2) := > p_, brz", then the product of
polynomials is given by pg(z) = Y ¢,2", where ¢, ==Y, axbi.

In general the Cauchy product of two convergent series may not be convergent. Consider

the series Y a, and > b, where a,, = E/l Then the ¢,, the n-th term of their Cauchy

product is

Z\/n—k—f-l)(k—i-l)

For k < n, we have

(n—/-c+1)(k+1):<g+1)2—<g—k>2§ (g+1)2.

2(n+1)

prar el g

Hence |c,| >

Mertens’ Theorem. Let 7 ay, be absolutely convergent and ) " by be convergent.
Define cp := Y p_qgaibp—k. If A=, an and B := %", by, then Y, ¢, is convergent
and we have )", ¢, = AB.

Proof. Using an obvious notation, we let A,,, B, and C), denote the partial sums of the
three series. Let D,, := B — B,,.

n

Cn = ch

k=0

k
= Z Z arby_y

k=0 r=0

= Z arbs

r+s<n

= ap(bo+bi+--+by)+ai(bo+br+ - +bp1)+ -+ anbo
Hence, we have

C, = ayBy,+a1B,—1+---+a,By

= ao(—B+Bn)+a1(—B+Bn_1)+---+an(—B+Bo)+B(Zak>
k=0
= A,B—R,, (50)

where R,, := aoDy +a1Dy—1 + -+ +anDg. Let a := ), |ay|. Since D, — 0, (Dy) is
bounded, say by D: |D,| < D for all n. Given € > 0, there exists N € N such that
> s lan| < e and |Dy| <e. For all n > 2N, we have

[Bnl < (laol + -+ lan-n~l)e + (|an-n4a] + - - + |an]) D
< (a+ D)e.

Hence R,, — 0. Since A, B — AB, the result follows from (50). O
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50. We know that )" >° ;2" = 1/(1—z) for |z| < 1. If we take a,, = 2" = b,, in the theorem,

51.

we get Y o0 nz" 1 =1/(1-2)%for |2] < 1.

Existence of Decimal Expansion. We motivate the study of infinite series by means
of the example of decimal expansions of a real number. Let a € R. Let ag := [a]. Write
a = ag+ x1. Then 0 < 21 < 1. Observe that a = ag + 1%1. Let a3 = [10z1]. Then

0<a; <9. Also, 1021 = a1 + 292 = a1 + 1%2 with 0 < 29 < 1. Hence

+ ay + 101’2
a=ay+ —
0770 " 102

with 0 < 10z, < 10.

Inductively, we obtain

a as an 102,41 1
so— {0t T T T e 1071 = 107

Hence a = ZZO:O 1%—’; which is usually denoted by a = ag.aiaz - ay - - -

6 Uniform Convergence.

1.

Let f,: X — R be a sequence of functions from a set X to R. We say that f,, converges
to f pointwise on X if for each z € X the sequence (f,,(z)) converges to f(x) in Y. Note
that this means that given € > 0 there exists an ng(z,e) € N such that for n > ng(z, ¢)
we have |(fn(x) — f(x)| < e. Thus ng depends not only on € but also on z.

. Examples. Show that the following sequences of real valued functions on R converge

pointwise to f. Find explicitly an ng(z,e) for each of them. We drew pictures of all
these examples to get an idea of what is going on.

(a) fa(z) =% and f(x) =0 for all z € R.

0, —oc0o<zx <0

0, —oc0o<z<0
(b) fulz) = q nz, qu;g% and f(z) = XOST >
1 1, x>0.

1, x =z

n, 1f0§x§%
(€) fulz)= n(%—a:), if gxg% and f(x) =0 for all z € R.

0, if 2<a<1

1, —n<zx<
(d) fn(x) = ’ neesn and f(;r) =1 for all x € R.

Oa ’$|>n

A sequence f,: X — R is said to be converge uniformly on X to f if given € > 0 there
exists an ng € N such that |f,(z) — f(z)| < e for all x € X and n > ng. If f, = f
uniformly on X we denote it by f, = f on X.

It is clear that (i) uniform convergence implies pointwise convergence but not conversely
and (ii) uniform convergence on X implies the uniform convergence on Y where Y C X.
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10.

We interpreted the uniform convergence in a geometric way. Let X C R, say, an interval.
Draw the graphs of f,, and f. Put a band of width ¢ around the graph of f. The uniform
convergence f, = f is equivalent to asserting the existence of N such that the graphs
of f, over X will lie inside this band, for n > N.

fn = f on X iff for every € > 0 there is an ng such that

sup{|fn(z) — f(z)] | z€ X} <eif n > ny.

We proved that none of the sequences in Ex. 2 are uniformly convergent.

0, ifo< 1
Let fu(x) = 2" and f(z) =< l ST
1, ifz=1

but not uniformly. Hint: If N does the job for ¢ = % we’d then have zV < % for

0<xz<1. Let z — 1—. (f,) does not converge uniformly even on (0, 1).

on [0,1]. Then f,, converges to f pointwise

Or, if we choose x such that 1 >z > 1/21/N, then 2V > 1/2, a contradiction.

Let f,: J C R — R converge uniformly on J to f. Assume that f,, are continuous at
a € X. Then f is continuous at a.

Proof. Given /3 > 0 choose N by uniform convergence. Choose § by continuity of fx
at a for €/3. Observe that for z € (a — d,a + ) N J, we have

[f(z) = fla)l < [f(x) = fn(@)| + [fn(2) = fn(a)| + [fn(a) — fla)] <e.
O

Let us recast the definitions of pointwise and uniform convergence of a sequence (f,,) of
functions from a set X to R, using the quantifiers 3 and V.

fu — f pointwise iff
Vo € X (Ve > 0(Ino = no(z, ) (Vn > no (|fa(z) — f(2)] < €)))).
fu — f uniformly on X iff
Ve > 0 (3ng = no(e) (Vn > ng (Va € X (|fu(z) — f(2)] <))

We looked at some examples:

(a) fn: R — R given by fn(z) = 0if |z| <n and fy(x) =n if x| > n. Then f, - 0
pointwise but not uniformly.

(b) fa(z) = 1755,z and f(z) = 0 for z € R. After some algebraic manipulation, we
saw that f,(x) = m This reminded us of ¢ + % > 2 for t > 0 and equality iff

t = 1. Hence we chose x,, = 1/n so that f,(1/n)=1/2.

n

(¢) fulz) = ;35w and f(z) =110 <z <1, f(1)=1/2 and f(x) =0if 2 > 1 for
x € [0,00). fr converges to f uniformly on [0, 1] but not on [0, 00). How about on
(1,00)7
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11.

12.
13.

14.

15.

(d) folx) = 2% on [0,00). As fu(z) — 0 as  — oo, we wanted to find the
maximum value of f, using calculus. Since the maximum value of f, tends to
zero, the convergence f, — 0 is uniform on [0, c0).

Let f, — f pointwise. Let M, := Lu.b. {|fn.(z) — f(x)| : = € X}, if it exists. Then
fn = fift M, — 0.

What does it mean to say that (f,,) is pointwise Cauchy and uniformly Cauchy on X?

Cauchy criterion for uniform convergence. Let f,: X — R be a sequence of
functions from a set X to R. Then f, is uniformly convergent iff the sequence (f,)
is uniformly Cauchy on X, that is, for every € > 0, there exists ng € N such that
| fm(x) — fn(z)| < € for m,n > ng and for all z € X.

Proof. Let f, = f on X. Let € > 0 be given. Choose N such that
n>N = |fu(x) — f(x)] <e/2 for all z € X.
Then for n,m > N, we get

|fn(z) = fr(@)] < |fn(z) — f(z)| + |f(z) = f(2)] <2 xe/2=¢forall z € X.

Let (fy,) be uniformly Cauchy on X. We need to prove that ( f,,) is uniformly convergent
on X. This uses our curry-leaves trick. It is clear that for each x € X, the sequence
(fn(z)) of real numbers is Cauchy and hence by Cauchy completeness there exists 7, € R
such that f,(x) — r,. We define f: X — R by setting f(z) = r,. We claim that f,, = f
on X.

Let € > 0 be given. Since f, — f pointwise on X, for a given x € X, there exists
N, = N, (g) such that

>N, = |falz) - f@) < /2.
Also, since (f,) is uniformly Cauchy on X, we can find N such that
m,n>N = |fpo(z) — fm(z)] <e/2 for all z € X.
We observe, for n > N

[fn(z) = f(2)| [fn(@) = fm ()] + [ fm(2) — f(2)] for any m

<
< ‘fn(x)_fm(xﬂ"i_‘fm(x)_f(m)’ form>maX{NaNa:}
< g/24+¢/2=c¢.

O]

So far, we have seen four times the curry-leaves trick in our course. I suggest that you
go through all of them together so that you can master the trick.

An application of the Cauchy criterion for uniform convergence (Item 13).

Let fn: J := (a,b) — R be differentiable. Assume that f; = ¢ uniformly. Further
assume that there exists ¢ € J such that the real sequence (f,,(c)) converges. Then the
sequence (fy,) converges uniformly to a continuous function f: J — R.
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Proof. Fix x € J. We claim that (f,) is uniformly Cauchy. By mean value theorem we
have

fo(x) = fn(x) — (fulc) — fim(c)) = f1(t) — f1.(t)(x — ¢) for some t between z,c. (51)
Given € > 0, there exists ny € N such that
n>zn = [fa(c) = fm(c)] <e/2. (52)

Also, since f} = g, the sequence (f},) is uniformly Cauchy and hence there exists ng € N

such that
€

2(b—a)
If N := max{nj, na}, using (52) and (52) in (51) we get

n>ny = |fu(s) — fm(s)| < for all s € J. (53)
n>N = |fu(x) — fm(z)| <e, forall z e J.

That is, (fy) is uniformly Cauchy on J and hence is uniformly convergent to a function
f:J — R. Since f, are continuous, so is f by Item 8. O

16. Exercises:

(a) Check for uniform convergence:
i. fo(x) =nz™ and f(x) =0 for x € [0,1).

ii. fu(x) = 757 and f(z) =0 for z > 0.

iil. fn(2z) = 175552 and f(z) = 0 for z € R. Hint: Observe that fa(2) =1/2.
Exploit Ttem 5.

iv. fu(x) =nz™(1 —z) and f(z) =0 for x € [0,1]. Hint: Observe that f,(n/n +
1) = 1/e.

v. fa(z) =n%2"(1 —2) and f(z) = 0 for x € [0,1]. f, takes max at n/(n+1) so

that fu(n/n+1) = 25 <nL+1) — 00 x (1/e).

vi. fu(z) = 177> and f(z) = 0 for € R. Hint: Use calculus to compute the
maximim of f,’s.

vii. fp(z) = n-T-::n and f(x)=1if0<zx <1, f(1)=1/2and f(z) =0if x > 1 for
x € 1]0,00). fn converges to f uniformly on [0, 1] but not on [0, c0).

vill. fp(x) =2 —2" and f(z) =2 if 0 <z <1and f(1) =0.

ix. fn(x) = (1—ax)z™ converges to 0 on [0,1].
X. fu(z) = sin I is convergent to 0 on [0, 1].
n, 0<x< %
Xi. fo(z)=<92-nz, 2<2<2forallax>0.
0, % <z,
xii. fp(z) = xe™™ on [0,00). Hint: Find the maximum value of ze™"".
xiii. f,(z) = 227 on [0, )
xiv. fu(x) = 2% for x > 0.
xv. fu(z) = 15552 for z > 0.
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n?, 0<z<1/n
xvi. fo(z) =< n?—nd(x—1/n), 1/n<x<2/n
0, otherwise.

(b) Consider f,(z) = x and g,(x) = 1/n for = € R. f,, and g, are obviously uniformly
convergent but their product is not.

(c) Let fo(z) =z (1—1) and g,(z) = 1/2? for 2 € (0,1). Show that (f,) and (gn)
are uniformly convergent on (0, 1) but their product is not.

(d) Let gn(x) = % on (0,1). Is the sequence convergent? If so, what is the limit?
Is the sequence uniformly convergent?

(e) Complete the sentence: The sequence of functions hy, on [0, A] defined by h,(z) =

3 .
converges to .... Is the convergence uniform?
1+nz

(f) On[0,1], define f,,(z) = z"(1—2") and g, (z) = nze "*. Discuss their convergence
on [0,1]. Hint: Show that f, has a maximum % at ( )rlz and that g, has a maximum

V3L at y/ 5. Show also that g, () =e™n v > e

(g) Let {\,} be a sequence consisting of all rational numbers. Define

f@) = {1, if 2 = A\,

0, otherwise.

Then f,, converges pointwise to f = 0, but not uniformly on any interval of R.

(h) Let f,(x):=na", x € [0,1). Show that the sequence (f,,) converges pointwise but
not uniformly on [0, 1).

(i) Let fu(x) := HmQ, x € R. Use Calculus to show that f, =% 0 on R.

(j) Let fo(z) := n?2"(1—x), x € [0,1]. Show that f,, — 0 pointwise but not uniformly
on [0,1]. Hint: f, takes a maximum value at n/(n + 1).

(k) Let fn(x) :=nz"(1—z), x € [0,1]. Show that f, — 0 pointwise but not uniformly
on [0,1]. Hint: f, takes a maximum value at n/(n + 1).

(1) Let fo(x) := 142¢0®nz 5 ¢ R Show that f, converges uniformly on R.

VD
(m) Let f,(z) = ﬁ, x € [0,00). Show that f,, — f pointwise but not uniformly on
1 0<z<1
the domain where f(z) =<1/2 z=1
0 x>0
(n) Discuss the pointwise and uniform convergence of the sequence (f,,) where f,(x) =
%, x € [0,00).
(0) Let fu(z) = — +7;n, € [0,00). Show that f, — f pointwise but not uniformly on
the domain where f(z) = {0 Ose< 1. Show that f, = f on [0, 1].
1 z>0
(p) Let fn(x) =2 — 2" . Show that f,, — f pointwise but not uniformly on
the domain where f(z) = { Ose< 1.
0 z=1
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17.

18.

(@) fo(z) = (x/n)" for x € [0, 00).

(r) fo(z) = 545 for x € [0,00). Show that f,, converge uniformly on [0, R] for any

R > 0 but not on [0, c0).

(s) Let fn(z) = % for z € [0,1). Show that f, is pointwise convergent on [0, 1)
but is not uniformly convergent on [0,1). Hint: Note that lim,_,;_ f,(z) = 1/2.
Hence f,(x,) > 1/4 at some z,.

(t) Let fn: [-1,1] = R be defined by f,(2) := 137-5. Show that f,, = 0 on [-1,1].

(u) Let fu(x) = [ €™ dt for € R. The sequence f, = 0 on R.
(v) Let f, be R-integrable and g, (z) := [* fn(t) dt and f, converge uniformly on [a, b].
Show that g,, converges uniformly on [a, b].

(w) Show that f, : R — R defined by f,(x) =
[a, b] does not contain either of +1.

(x) Let f, :[0,1] = R be defined by f,(z) = Tinzp: for p> 0. Find for what values
of p the sequence f,, converges uniformly to the limit.

n . .
T,z converges uniformly on [a, b] iff

Let fy: (a,b) — R be differentiable. Assume that there exists f, g: (a,b) — R such that
fn= f and f], = g on (a,b). Then f is differentiable and f’ = g on (a,b).

Proof. Fix ¢ € (a,b). Consider g, := f,1 in the notation of Item 6, that is,

fn(@)=fn(e) o1 2 #£c
gn() ' (¢) for x = c.

Then g, are continuous and they converge pointwise to ¢(x) = % for x # ¢ and
o(c) = g(c).

We claim that g,, are uniformly Cauchy on (a,b) and hence uniformly convergent to a
continuous function v¥: (a,b) — R. For, by the mean value theorem, we have, for some
& between x # ¢ and c,

1O~ f© )

r —cC

= fn(&) = F(&)-

gn () = gm ()

Since (f},) converge uniformly on J = (a,b), it is uniformly Cauchy and hence (gy)
is uniformly Cauchy on .J. It follows from Item 13 that g, converge uniformly to a
function, say, ¥. The function v is continuous by Item 8. By the uniqueness of the
pointwise limits, we see that ¢(z) = ¥ (x) for z € J. Hence ¢ is continuous or it is
the “f1” (in the notation of Theorem 6 on page 37) for the function f at ¢. Thus, f is
differentiable at ¢ with f’(c) = ¢(c) = g(c). O

Let fn: [a,b] — R. Assume that there is some zg € [a,b] such that (f,(zg)) converges
and that f/ exist and converges uniformly to g on [a,b]. Then f,, converges uniformly
to some f on [a,b] such that f' = g on [a, b].

This is an immediate consequence of the last two items. ]
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19. Let (fn) be a sequence of continuous functions on [a,b]. Assume that f,, — f uni-
formly on [a,b]. Then f is continuous and hence R-integrable on [a,b]. Furthermore

fabf( dr = hmf fn(z)dz. That is,

b b
lim / Falt) dt = / lim £, (t) dt

Observe that

| / ’ fla)d - / () d

20. Let fy,: [a,b] — R be sequence of continuously differentiable functions converging uni-
formly to f on [a,b]. Assume that f], converge uniformly on [a,b] to g. Then g = f’ on
[a,b]. Hint: f is continuous on [a,b]. Write f,(z) = )+ [7 £l (t) dt and take limits
to conclude that f(x) f g(t)dt. Apply fundamental theorem of calculus. [

IN

/ 1£(2) = fulw)|da

< (b—a) xlub. {[f(z) = fu(2)] : € [a,b]}.

21. Let (f,) be a sequence of Riemann integrable functions on [a,b]. Assume that f, — f
uniformly on [a b]. Then f is R-integrable on [a,b] and f; f(z)dz = lim f; fo(z)dz
That is, lim f fn(x)dx = f lim f,(z) dz

Proof. Given € > 0 there is N € N such that || f — fu|| < 4(b gy forn > N. (Here

| f— full == sup{|fu(x) — f(x)| | = €]a,b]}.) Since fy is R-integrable, there is a
partition P := {xq,1,...,2,} of [a,b] such that U(fn,P) — L(fn,P) < §. Note that
M;(f) < M;(fn) +€/4(b — a), where M;(f) := sup{f(z) | = € [zj_1,2;]}. Hence
U(f7P) < U(fN7P)+€/4 and L(f7P)+€/4 > L(fNap) Hence U(f7P)_L(faP) <e
Hence f is R-integrable in [a,b]. The rest of the proof follows the hint of the previous
analogous exercise. O

22. Exercises:

1, fe=mr,...,7 . .
’ 7™ for x € [0, 1] and where {r,,} is an enumeration

(8) Let fule) = {0 otherwise

of all the rationals in [0,1]. Then f, is R-integrable, f,, — f pointwise but f is
not R-integrable.

(b) Let fy, f be as in 4) of Item 2. Compute hmn fo fn(t)dt and fo lim f,,(¢) dt
(c) Let f,:1]0,1] - R be glven by fn(x ) = nzre ™. Then f, — 0 pointwise. Compute
lim,, fo fn(t) dt and fo lim f,,(¢) dt
(d) fn( ) = nz(l — z?)”. Find the pointwise limit f of f,. Does fO fo(x)dx —
fo z)dz?
2

(e) Let fo(x) = l_ﬁiﬁﬁ on [0,1]. Show that f, does not satisfy the conditions of
Item 18, but that the derivative of the limit function exists on [0, 1] and is equal
to the limit of the derivatives.
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(f)

(2)
(h)

(i)

If fo(x) = TFn7g2 on [—1,1], show that f, is uniformly convergent, and that the
limit function is differentiable, but f’ # lim f;, on [—1,1].

Let fy, : [0,2] — R be defined by (1 + a:")% Show that f, is differentiable on [0, 2]
and converges uniformly to a limit function which is not differentiable at 1.

Let f(x) = |z| for € R. We replace part of the graph of f on the interval
[-1/n,1/n] by a part of the parabola that has correct values and the correct
derivatives (so that the tangents match) at the end point +(1/n). Let

2 1
fy o {F A Una <
|| |z| > 1/n.
Show that f, — f pointwise. Is the convergence uniform? Note that f, are
differentiable but f is not.

Let f,(z):=z"(xz —2), x € [0,1]. Show that f,, — g where g(x) =0for0 <z <1
and ¢g(1) = —1. Can g be the derivative of any function? Hint: Darboux!

23. Theoretical Exercises:

()
(b)

Let f,: J C R — R converge uniformly on J to f. Assume that f,, are uniformly
continuous at @ € X. Then show that f is uniformly continuous at a.

(Dini) Let fy,: [a,b] — R be monotone. Assume that the sequence (f,) converges
pointwise to a continuous function f. Then f, — f uniformly on [a,b]. Hint: Use
the uniform continuity of f to partition the interval [a,b] into a = ag < a; < -+ <
any = b. Choose ng such that |f,(a;) — f(a;)| < e for n > ny and for each i.

Let f(x) = /z on [0,1]. Let fo = 0 and frp1(2) := fu(z) + [z — (fa(2))?] /2 for
n > 0. Show that i) f,, is a polynomial, ii) 0 < f,, < f, iii) f,, — f pointwise and
iv) fn — f uniformly on [0, 1].

Let f,: R — R be defined by

0, z<n
fa@)=qz—n, n<z<n+1.
1, z>n+1

Show that f, > fn+1, fn — 0 pointwise but not uniformly. Compare this with
Ttem 23b

Let f:[0,1] — R be continuous. Consider the partition {0,1/n,...,2=1 1} of
[0, 1]. Define

fd/n), t=0

for 1 < k < n. Then f, is a step function taking the value f(k/n) on (k—1/n,k/n].
Show that f, — f uniformly. Hint: Use the uniform continuity of f: Given e choose
0 and then N so that 1/N < ¢§. Then Lu.b. {|f(x) — fn(x)|: z € [0,1]} < e.

Let f: R — R be uniformly continuous. Let f,(x) = f(z + %) Show that f, — f
uniformly on R.

ﬁﬁy:{ﬂwm7(W4Vn§tgwn
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(g) Let (fn) be a sequence of real valued functions converging uniformly on X. Let
|fr(x)] < M foralln € Nand x € X. Assume that g: [-M, M| — R be continuous.
Show that (g o f,,) is uniformly convergent on X.

(h) Let ¢ :[0,1] — R be continuous. Let f, : [0, 1] — R be defined by f,,(x) = z"¢(x).
Prove that f, converges uniformly on [0, 1] iff ¢(1) = 0.

(i) Let f: X — R. We say that the sequence (f,,) is uniformly bounded on X if there
exists M > 0 such that
|fn(x)] < M for all z € X and n € N.
Assume that f,’s are bounded and that f,, = f on X. Show that the sequence
(fn) is uniformly bounded and that f is bounded.

(j) Assume that f,,: J C R — R are continuous and f,, — f uniformly on QNJ. Show
that f,, = f on J.

(k) Let f be a continuously differentiable function on R. Let f,(z) := n[f(z + ) —
f(z)]. Then f,, — f" uniformly on compact subsets of R.

24. Weierstrass approximation theorem. Let f: [0,1] — R be continuous. Given
e > 0, there exists a real polynomial function P = P(x) such that

|f(z) — P(z)| < e for all x € [0,1].

In particular, there exists a sequence P, of polynomial functions such that P, = f on
[0,1].

Proof. We need the identity

2(1=0) 55 kg gk (+ k) (54)

n
k=0

Consider
n

l=(@+1-2)" =Y <Z> 2k (1 — )k, (55)

k=0

Differentiate both sides of (55) and simplify to obtain
n
0= Z 21— 2)" R (k- na). (56)
k=0

Multiply both sides of (56) by x(1 — x), to obtain

n

0="> aF(1—2)" F(k - na). (57)
k=0

Differentiate both sides of (57) and multiply through by x(1 — ). On simplification,
we get

0=—na(l-=z)+ -~ (n 2k (1 — )"k (k — na)2. (58)
> ()
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Dividing both sides by n?, we obtain (54).

We now define Bernstein polynomial B,, by

B,(z) = Z <Z>f <:> 2F (1 — )"k,
k=0
Then by (55),
~ (n k k n—k
Bu(w) = fl) =) _ () (f () = f@)) a1 —a)"" (59)
k=0
Let £ > 0 be given. By uniform continuity of f on [0, 1], there exists 6 > 0 such that

z,y € [0,1] and|z —y| < 6 = |f(x) — f(y)| < e/4.

Let M > 0 be such that |f(x)| < M for x € [0,1]. Choose N € N such that N > a%.
Let z € [0,1] and 0 < k < n. We can write {0,1,2,...,n} = AU B where

A::{k::]a:—k\<5} andB::{k:]m—k|2(5}.
n n

Case 1. k € A. Then we have |f(z) — f(k/n)| < /4. Summing over those k € A, we
have by (55), that

) (Z) f (f;) ~ f@)|akF (1 — )"k <

Case 2. k € B. We have, summing over k € B

. (60)

NG

> <Z) (If (k/n)| + | f(2)]) 2% (1 — z)"*

keB

< Y <Z> (:c - DQ (:g - 7’2) k(1 —
< My <Z> F(1— 2y <x - ff

< 2ex(l — ), si > —=,
< 2ex(l —x), since n 52

< ¢/2, since z(1 —x) < 1/4, (61)

for, 4z(1 —x) — 1 = —(2z — 1)? < 0 (or by 2nd derivative test).
It follows from (59)—(61) that

for x € [0,1] and n > N. O
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25.

26.

27.

28.

29.

30.

Weierstrass theorem remains true if [0, 1] is replaced by any closed and bounded interval
[a, b].

For, consider the map h: [0,1] — [a,b] defined by h(t) :== a + t(b — a). Then h a
continuous bijection. Also, ¢t := h~'(z) = (x — a)/(b — a) is continuous. Given a
continuous function g: [a,b] — R, the function f := go h: [0,1] — R is continuous.
For e > 0, let P be a polynomial such that |f(t) — P(t)| < € for all ¢ € [0,1]. Then
Q(z) := Poh™!(t) = P($=2) is a polynomial in z. Observe that, for all z = h(t) € [a,b],

l9(2) = Q(x)] = [foh™ (z) = Poh™ (2)| = |f(t) - P(t)| <=.

Probabilistic reason underlying the Bernstein polynomial. The proof of Weier-
strass approximation theorem using Bernstein polynomials, has its origin in probability.
Imagine a loaded or biased coin which turns ‘heads’ with probability ¢, 0 <t < 1. If a
player tosses the coin n times, the probability of getting the ‘heads’ k times is given by
(OtF( —t)nF.

Now suppose that a continuous function f, considered as a ‘payoff’, assigns a ‘prize’ as
follows: the player will get f (%) rupees if he gets exactly k£ heads out of n tosses. Then
the ‘expected value’ E,, (also known as the ‘mean’) the player is likely to get out of a

game of n tosses is
- k n
E, = = th(1 —¢)n k.
1 () ()=

Note that E, is the n-th Bernstein polynomial of f. It is thus the average/mean value
of a game of n tosses.

It is reasonable to expect that if n is very large, the head will turn up approximately nt
times. This implies that the ‘prize’ f () = f(¢) and E,(t) are likely to be very close
to each other. That is, we expect that |f(¢) — E,(t)] — 0.

Our treatment of the sum over B is motivated by the proof of Chebyshev’s inequality
used in the proof of weak law of large numbers.

A standard application. Let f: [0,1] — R be continuous. Assume that fol f(z)z™dx =0
for n € Z;. Then f = 0. Hint: Figure this out: 0 = fol f(z)Py(z) dz — fol f2(z) da!

Let f,: X — R be a sequence of functions from a set X to R. We say the series ) f,, is
uniformly convergent (respectively, pointwise convergent) on X if the sequence (s;) of
partial sums s, := > ;_; fi is uniformly convergent (respectively pointwise convergent)
on X. If f is the uniform limit of (s,) we write > f, = f uniformly on X.

We say the series ) f,, is absolutely convergent on X if the sequence (o, (z)) of partial

sums oy, (x) := Y p_; | fe(x)| is convergent for each z € X.

Let X = [0,1] and f,(x) := 2™ on X. Then the infinite series of functions > ; fn(x)z™
is pointwise convergent to 1/(1 — z) for = € [0,1) and not convergent when x = 1. The
infinite series is not uniformly convergent on [0,1). (Why?)

Formulate the analogue of Cauchy criterion for the uniform convergence of an infinite
series of R (or C) valued functions.
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31. Weierstrass M-test. Let f, be a sequence of real (or complex) valued functions on a
set X. Assume that there exist M,, > 0 such that |f,(z)| < M, for alln € Nand z € X
and that ) M, < oco. Then the series )  f, is absolutely and uniformly convergent
on X.

Proof. Apply the Cauchy criterion to s,,. O

32. Typical applications:

(a) Fix 0 <7 < 1. The series > 2 r"cosnt and ) - | r"sinnt are uniformly conver-
gent on R.

(b) The series 32,7 1777 is uniformly convergent on any interval [a, b].

Using (a + b)/2 > Vab for positive a, b, we obtain

1

=+ nx 1

x2 > 1/ =nxz = /n, for z > 0.
x

Hence \n(l fmg)\ < 27:3 75+ (One may also use calculus to obtain such an estimate.)

M-test can be applied now. What happens if < 07
33. Exercises:

(a) Show that if wy(z) = (—1)"2"(1 —z) on (0,1), then Y w,, is uniformly convergent.

(b) If up(x) = 2™(1 — x) on [0, 1], then does the series > u, converge? Is the conver-
gence uniform?

(c) If vp(x) = 2™(1 — )% on [0, 1], does >_ v, converge? Is the convergence uniform?

(d) Show that ) z™(1 — 2™) converges pointwise but not uniformly on [0,1]. What is
the sum?

(e) Prove that y >, b”ﬁ# is continuous on R.

(f) Prove that 7, H% is continuous for z > 1. Hint: o™ > 2 for large n. Hence

1 < 1 < 2 ¢
xSl 7 or n > 0.
(g) Prove that ) 7, e " sinnz is continuous for = > 0.
The next two exercises are analogues of Item 17 and Item 21 for series.

(h) Let f,: (a,b) — R be differentiable. Let xy € (a,b) be such that > f,(xg) con-
verges. Assume further that there is g: (a,b) — R such that > f/ = g uniformly
on (a,b). Then

i. There is an f: (a,b) — R such that ) f, = f uniformly on (a,b).
ii. f'(z) exists for all € (a,b) and we have > f/ = f" uniformly on (a,b).

(i) Let fn, f: [a,b] — R be such that > f,, = f uniformly on [a,b]. Assume that each
fn is R-integrable.

i. f is R-integrable.
i [} f@) dt =3 [} falt) dt.
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34.

35.

36.

37.

38.

39.

40.

(j) Justify:

oo . 00
d Z SIn nNx Z CcCoSnNx
dx nd n?
n=1 n=1

* We have analogoues of Dirichlet’s and Abel’s test for uniform convergence too. We
state the results, as the proofs follow from the observation that the estimates obtained
in the earlier results are ‘uniform’.

*Dirichlet’s Test. Let (f,) and (gn) be two sequences of real valued functions on a
set X. Let Fy(x) := Y p_; fx(x). Assume that

(i) (F},) is uniformly bounded on X, that is, there exists M > 0 such that | f,,(z)| < M
for all z € X and n € N.

(ii) (gn) is monotone decreasing to 0 pointwise on X.
Then the series > > | fngn is uniformly convergent on X. O

* Abel’s Test. Let (f,) and (g,) be two sequences of real valued functions on a set X.
Assume that

(i) >_,, fn is uniformly convergent on X.

(ii) There exists M > 0 such that |g,(z)| < M for all x € X and n € N.

(iii) (gn(z)) is monotone for each z € X.
Then the series > 7, fngn is uniformly convergent on X. O

* Consider the series Y 00 | SILAT and $°°°  Cosnz  If > | we can apply M-test to

npP npb
conclude that they are uniformly convergent on R.

When 0 < p < 1, we can use Dirichlet’s test to show that both series converge uniformly
on [0,2m — 6] for 0 < 6 < 27. See Item 34.

A power series is an expression of the form > 3%, ax(z — a)* where ay, a, 2z € R. We do
not assume that the series converges.

Consider the three power series:

(1) dopzy n"z",

(2) >0 ,x™ and

(3) 2no(a"/nl).
We claim that if x # 0 then the first series does not converge. For, if x # 0, choose
N € Nso that 1/N < |z|. Then for all n > N, we have |(nz)"| > 1 and hence the series
is not convergent. We have already seen that the second series converges absolutely for
all x with |z| < 1 whereas the third series converges absolutely for all x € R.

Let Y >° an(z — a)™ be a power series. There is a unique extended real number R,
0 < R < oo, such that the following hold:

(i) for all z with |z — a| < R, the series > > jan(z — a)™ converges absolutely and
uniformly, say, to a function f, on (—R, R) for any 0 < r < R,

(ii) if 0 < R < oo, then f is continuous, differentiable on (—R, R) with derivative
f/(l') = Zn nanxnfl,

(ili) Term-wise integration is also valid, that is, [Y f(t)dt = >, an [/(t — a)™dt for
—-R<zx<y<R.

(iv) for all  with |z — a| > R, the series Y~ jan(z — a)™ diverges.
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41.

42.

Proof. Assume a = 0. Let E := {|z| : Y 7 ja,2" is convergent.} and R := Lu.b. E, if
E is bounded above, otherwise r = co. Then Y 2 anz" is divergent if |z| > R, by very
definition. Hence (iii) is proved.

If R > 0 choose r such that 0 < r < R. Since R is the least upper bound for £ and
r < R, there exists zg € E such that |z9| > r and ) a, 2§ is convergent. Hence {a, 2§}

is bounded, say, by M:
lanzy| < M for all n.

Now, if |z| < r, then
|an2"| < |an|r"™ < lanzg|(r/|20])" < M(r/[20])".

But the (“essentially geometric”) series M > (r/|zo])" is convergent. By Weierstrass
M-test, the series Y °  a,2z" is uniformly and absolutely convergent for z with |z| < r.

f is continuous at any x with |x| < R. For if r is chosen so that |z| < r < R, then
the series ), a,z™ is uniformly convergent on (—r,r) and hence the sum, namely, f is
continuous on (—r,r), in particular at x.

We claim that f is differentiable. First of all note that the term-wise differentiated
series > na,z™ ! is uniformly convergent on any (—r,r), 0 < r < R. For, arguing as
in the case of uniform convergence, we have an estimate of the form

oo

oo
Z]kckxk*1| < Zk\ckh’k*l
k=0 =
= Zklckmol |k 1| o !

< (M/r) Z kt* =1, where ¢ = (1/|z|).
k=0

The series ) kt*=1 is convergent by ratio test. By Weierstrass M-test, the term-wise
differentiated series is uniformly convergent on (—r,7). Now we can appeal to Item 17
to conclude the desired result.

The proof of (iii) is similar and left to the reader. O

The extended real number R of the theorem in Item 40 is called the radius of convergence
of the power series > >° jan(z — a)™. The open interval (—R, R) is called the interval
of convergence of the power series.

There are ‘formulas’ to find the radius of convergence R. See Items 44 and 13.

It is important to note that if R is the radius of convergence of a power series Y - c, 2",
it is uniformly convergent only on the subintervals (—r,7) for 0 < r < R. The theorem
does not claim that it is uniformly convergent on (—R, R). For example, consider the
power series »_ > x™. Its radius of convergence is R = 1. (Why?) We have seen in
Item 29 that it is not uniformly convergent on [0, 1).
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43.

44.

45.

46.

47.

The following are well-known power series:

n

(i) exp() = 3200 2.
(i) sin(@) 1= 302 o(—1)" Gy

2n
(i) cos(z) := Z;’O:O(—l)”%.
The following theorem is quite useful in practice, as it gives two simple formulae to
determine the radius of convergence of a power series.

* Let > o7 jan(z — a)™ be given. Assume that one of the following limits exists as an
extended real number.

(1) lim [an+1/an| = p

(2) lim |a, /" = p.
Then the radius of convergence of the power series is given by R = p~!.

Proof. (1) follows from the ratio test and (2) from the root test. For instance, if (1)
holds and if z is fixed, then

an+&(z __a)n+1

an(z —a)”

Anp+1

=z —al[——=[ = |z —alp.

n

By the ratio test, we know that the numerical series ) an(z — a)" is convergent if
|z —a|p < 1. Thus the radius of convergence of the series is at least 1/p. By the same
ratio test, we know that if |z — a|p > 1, then the series is divergent. Hence we conclude
that the radius of convergence of the given series is 1/p.

The proof of (ii) is similar to that of (i) and is left to the reader. O

If a power series > > jan(z — a)™ has a positive radius of convergence 0 < R < oo,
then its sum defines a function, say f, on the interval (a — R,a+ R). The function f is

infinitely differentiable on this interval. Also, the Taylor series of f in powers of (z — a)

. .. . (n)
is the original power series. We also have ¢, := fT(a)

Find an “explicit formula” for the function represented by the power series » -, ka®
in its interval of convergence.

Let f(z) :=> 72, kxz*. The interval of convergence is (—1,1). By term-wise integration,
we see that

rf() = /xkl . k x
L dt = k t dt = = — —1,1).
/0 : ; 0 z o re(-11)

Hence by the fundamental theorem of calculus, we obtain

ff:) - <1f:c>/ G —1x)2'

Therefore, f(z) = Tz on (—1,1).

* Abel’s Limit Theorem. If Y > ja, converges, then the power series » .-, anx™
converges uniformly on [0,1].
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48.

49.

50.

Proof. Given € > 0, there exists IV € N such that

n
N<m<n = |Zak\<€.
m+1

If 0 <x <1, we apply (47) on page 60 to (ax);2,,,; and (a:"“)io:m+1 to obtain

—ex™ M <™ 4 g < ex™ L

That is,

n
| Z apz’| < ex™tl < e, for N <m <nand z € [0,1].
k=m+1

If we let fo(z):=>"}_, apx®, it follows from the last inequality that the sequence (f,,)
is uniformly Cauchy on [0, 1]. O

* It may be a good exercise to write a ‘self-contained’ proof of the last theorem which
incorporates the partial summation trick and which does not use it.

zk

[Za%
Clearly R = 1. Also, observe that at R = —1,the series is convergent by the alternating
series test. By term-wise differentiation, we get

O/ kN o
) =3 ({57) =X =y ee D)

k=0

* Find an explicit expression for the function represented by the power series 2,

By the fundamental theorem of calculus, we obtain

Todt

xf(x) = e = —log(l —x), z € (—1,1).

Note that we can appeal to Abel’s theorem (Item 47) to conclude that

_log(l=z) . —1,1),z#0
f(x):{l ’ xf[o he#

* An application of Abel’s Limit Theorem. Let > a, and >_ b, be convergent, say, with
sums A and B respectively. Assume that their Cauchy product >_ ¢, is also convergent
to C. Then C' = AB.

Proof. Consider the power series > anz™ and >_,° ;b,z". From hypothesis, their

radii of convergence is at least 1. For |z| < 1, both the series are absolutely convergent,
and hence by Merten’s theorem, we have

[o.¢] oo o
Z cpx” = <Z anx”> (Z bna:”> .
n=0 n=0 n=0
In this we let x — 1— and apply Abel’s theorem to conclude the result. ]
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51. * The sum of the standard alternating series is log2! Consider f(z) =log(1l+x). Then
the Taylor series of f at © = 0 is given by
1,2 563 (71)n+1xn

fla)=z—F+ 5+t

Clearly the power series is convergent at x = 1 by the alternating series test. Hence by
Abel’s limit theorem, we see that the power series is uniformly convergent on (—1,1]
and hence the sum of the series at z = 1 is f(1) = log 2. O

52. Two standard applications of the M-test are:
(i) Construction of an everywhere continuous and nowhere differentiable function on R.
(ii) Construction of a space filling curve, that is, a continuous map from the unit interval
[0, 1] onto the unit square [0, 1] x [0, 1].

We shall not deal with them in our course. The reader may consult Appendix E in
Bartle and Sherbert.

7 Limit Inferior and Limit Superior

1. Limit Inferior and Limit Superior. Given a bounded sequence (a,) of real numbers,
let A, ;= {zk : kK > n}. Consider the numbers

sp = inf{ay : k > n} = inf A,, and ¢,, ;= sup{ay : k > n} = sup 4,.

If |zi| < M for all n, then —M < s, < t,, < M for all n. The sequence (s,) is an
increasing sequence of reals bounded above while (¢,) is a decreasing sequence of reals
bounded below. Let

liminf a, := lims, = Lu.b. {s,} and limsupa, := limt¢, = g.l.b. {t,}.

In case, the sequence (a,) is not bounded above, then its lim sup is defined to be 4oc0.
Similarly, the liminf of a sequence not bounded below is defined to be —oo.

2. Let (z,,) be the sequence where z,, = (—1)"*!. Then liminf z,, = —1 and limsup z,, = 1.
3. For any bounded sequence (z,,), we have liminf x,, < limsup x,,. Hint: s, < t,.

4. Let (an) be a bounded sequence of real numbers with ¢ := limsup a,,. Let ¢ > 0. Then
(a) There exists N € N such that a,, < t+¢ for n > N.
(b) t — & < ay, for infinitely many n.
(c) In particular, there exists infinitely many r € N such that t — e < a, <t+e.

Proof. Let Ay :={xy, :n > k}.

(a) Note that limsup a,, = inf ¢, in the notation used above. Since t + ¢ is greater than
the greatest lower bound of (¢,), t + ¢ is not a lower bound for ¢,’s. Hence there exists
N € N such that ¢t + & > ty. Since ty is the least upper bound for {z, : n > N}, it
follows that ¢t +¢& > z,, for all n > N.

(b) t — € is less than the greatest lower bound of ¢,’s and hence is certainly a lower
bound for ¢,’s. Hence, for any k € N, t — ¢ is less than ¢, the least upper bound of
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{an, : n > k}. Therefore, t — ¢ is not an upper bound for {a, : n > k}. Thus, there
exists ny such that a,, >t —¢c. For k =1, let ny be such that a,, >t —¢. Since t —¢
is not an upper bound of A,,y; there exists no > n; +1 > n; such that t — e < ay,.
Proceeding this way, we get a subsequence (ay, ) such that t —¢ < ayp, for all k € N. [

. Analogous results for liminf: Let (a,) be a bounded sequence of real numbers with
s :=liminfa,. Let ¢ > 0. Then

(a) There exists N € N such that a,, >t —¢ for n > N.

(b) t + & > ay, for infinitely many n.

(c) In particular, there exists infinitely many r € N such that s —¢ < a, < s +¢.

. Understand the last two results by applying them to the sequence with x, = (—1)"*1.

. A sequence (z,) in R is convergent iff (i) its bounded and (ii) limsup x,, = liminf z,,
in which case lim x,, = lim sup z,, = liminf x,,.

Proof. Assume that z, — x. Then (z,) is bounded. Then s = liminfz, and t =
limsup x,, exist. We need to show that s = t. Note that s < t. Let € > 0 be given.
Then there exists NV € N such that

n>N — x—c<z,<x+e.

In particular, z — e < sy :=inf{z, : n > N} and ty :=sup{z, : n > N} <z +¢e. But
we have
sy < liminf z, <limsupzx, < ty.

Hence it follows that
r—e<sy<s<t<ty<z+e.

Thus, |s —t| < 2e. This being true for all £ > 0, we deduce that s = ¢. Also,
x,8 € (x —e,x +¢) for each € > 0. Hence x = s = t.

Let s =t and € > 0 be given. Using Items 5 and 4, we see that there exists N € N such
that
n>N — s—e<ux,and z, < s+e¢.

. A traditional proof of the Cauchy completeness of R runs as follows.

Proof. Let (z,,) be a Cauchy sequence of real numbers. Then it is bounded and hence
s = liminf x,, and ¢ = lim sup x,, exist as real numbers. It suffices to show that s = ¢.
Since s < t always, we need only show that ¢t < s, that is, t < s+ ¢ for any give € > 0.
Since (z,,) is Cauchy there exists N € N such that

m,n>N = |z, — x| < /2, in particular, |z, — zN| < /2.
It follows that for n > NN,

zy —e/2<glb. {z,:n>N} <lub.{z,:n>N} <zy-+e/2.
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10.

11.

12.

Hence, we obtain
tn, :=lub. {z,:n >N} <glb. {z,:n>N}+e=s,+¢, forn> N.
Taking limits, we get lim¢, <lims, +¢. O

Let (z,,) be a bounded sequence of real numbers. Let
S :={z € R : z is the limit of a subsequence of (z,)}.

Then
lim sup x,, liminf z,, € S C [liminf x,,, lim sup x|

Proof. First, notice that S is nonempty, since by Bolzano-Weierstrass theorem there
exists a convergent subsequence. Also, if —M < z, < M, then the limit x of any
convergent subsequence will also satisfy —M <z < M. Hence S is bounded.

Let s = liminf x,,. Then by Item 5 there exists infinitely many n such that s —e¢ < z,, <
s+ €. Hence for each e = 1/k, we can find ng > ni_1 such that s — % < Ty, < 5+ %
It follows that x,, — s and hence s € S. One shows similarly that ¢t € S.

Let x € S. Let x,, — x. We shall show x <t +¢ for any € > 0. By Item 4, there exists
N such that n > N implies x,, < t + . Hence there exists kg such that if k& > kg, then
T, <t+e. It follows that the limit x of the sequence (z,, ) is at most ¢ + . O

Note that the last item gives another proof of Cauchy completeness of R. For, lim sup x,,
is the limit of a convergent subsequence, see Item 48!

Note that Item 9 implies the following.
limsupz, =lu.b. S =max.S and liminfx, =g.lb. S =minS.

In fact, in some treatments, limsup x,, (respectively, liminf z,) is defined as Lu.b. S
(respectively, g.l.b. S). I believe that our approach is easy to understand and allows us
to deal with these concepts more easily.

Exercises on limit superior and inferior.
(a) Consider (x,) :=(1/2,2/3,1/3,3/4,1/4,4/5,...,1/n,n/(n+1),...). Thenlimsup =
1 and liminf z,, = 0.
(b) Find the limsup and liminf of the sequences whose n-th term is given by:

iz, =(-1)"+1/n

ii. ¥, =1/n+ (=1)"/n?

iii. , = (14+1/n)"

iv. x, = sin(nn/2).

There is a formula for the radius of convergence of a power series _°  an(z —a)” in
terms of the coefficients a,,.
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13. *Hadamard formula for the radius of convergence The radius of convergence p
of >>7° yen(z —a)™ is given by

1
~ = limsup |cn]1/” and p = liminf \cn\fl/".
p

Proof. Let % := limsup ¢, /™. We wish to show that p = 3.

If z is given such that |z —a| < 3, choose u such that |z —a| < p < S. Then i > % and
hence there exists N (by the last lemma) such that |c,|'/™ < % for all n > N. It follows

that |c,|p"™ < 1 for n > N. Hence (|c,|u™) is bounded, say, by M. Hence, |c,| < Mp™"
for all n. Consequently,

n
|cn(z—a)”|§M;F"|z—a|":M<|z a|> .
1

Since 24 < 1, the convergence of ) ¢, (z — a)™ follows.
o

Let |z —a| > /8 so that ﬁ < % Then ﬁ < |en|M™ for infinitely many n. Hence
len||z — al™ > 1 for infinitely many n so that the series Y ¢,(z — a)™ is divergent. We

therefore conclude that p = 3.

The other formula for the radius of convergence is proved similarly. O

14. * Exercise: Find the radius of convergence of the power series > a,z", whose n-th
coefficient a,, is given below:

(1) 1/(n*+1) (2) 2"-1
3) €"/n (4)  (1+2)"
(5) nF, k fixed (6) n"
(1) ntn ® 0+ )"
©) Qogm)nt(10) I
n \n Vnt+1-—+n

(11) (1Ogn) (12) Noran
(13) n22% (14) %n4(n3 +1)

2n)! n!
(15) ~—- (16) o

n! n2n
(19) [1+(=1)"3"  (20) (a"+b"),a>b>0
(21) % p>0 (22) 4n=D",

8 Metric Spaces

1. Let X be a nonempty set and d: X x X — R be a function with the following properties:
(i) d(x,y) > 0 for all z,y € X and d(z,y) =0 iff x = y.
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(ii) d(z,y) = d(y,x) for all z,y € X.
(iii) d(z,y) < d(z,2)+d(z,y) for all z,y, z € X. (This is known as triangle inequality)

Then d is called a metric or a distance function on X. The pair (X, d) is called a metric
space.

2. Examples:

(a) The most important one is, of course, X = R with d(z,y) := |z — y|.
(b) On X =R", we define di(z,y) := > p_; |2k — Ykl-

(¢) On X =R", we define doo(z,y) := max{|zy —yr| : 1 <k < n}.

(d) The standard Euclidean distance in R?, defined by

da((z1, 1), (22, 92)) = /(21 — 22)% + (41 — 92)?

is a metric on R2.

(e) Let X := C|a,b] denote the set of real valued continuous functions on the closes
and bounded interval [a,b]. If we set dso(f,g) := sup{|f(z) — g(x)| : x € [a,b]},
then d is well-defined and is a metric on X.

(f) Let A be any nonempty set and let X := B(A,R) be the set of bounded real valued
functions on A. Then

doo(f; 9) = sup{|f(a) — g(a)| : a € A}

defines a metric on X. Compare this with the last item.

(g) On any (nonempty) set X, we define d(x,y) = 1 if x # y and d(z,x) = 0. Such a
metric is called a discrete metric and (X, d) is called discrete metric space.

(h) Let (X,d) be a metric space. If A C X, then the restriction of d to A x A is a
metric, say, p on A: p(a1,a2) = d(ay,ag) for aj,as € A. The metric p is called
the induced metric on the subset A. It is customary to denote p also by d. (We
observed that this may not be the most natural way of finding distance between
two points, if we are constrained to live only on A!)

3. Let A=[0,1] CR and f(x) = z and g(x) = 2. What is dso(f, g)?
4. Let (X,d) be a metric space. Let p € X and r > 0. Consider the set
B(p,r):={y € X :d(z,y) <r}.
Then B(p, ) is called an open ball with centre p and radius r.

5. Draw the pictures of the open balls B(p, 1) where p = (0,0) € R? and the metric is dj,
do and ds.

6. Open balls in a discrete metric space and in Z C R:

(a) Let (X,d) be a metric space with at least two points and p € X. What is B(p,r)
ifo<r<l,r=1landr>17

(b) Let A =Z. Let d be the metric induced by the standard metric on R. What are
B(k,r) for k € Z and r > 07 Answer: B(k,r):={k+1t:|t| <[r]}.
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7.

8.

10.

11.

12.

13.

14.

Given a sequence (z,) in a metric space, we say that it converges (in the metric d) to
an x € X if for every € > 0, there exists N € N such that

n>N = d(zp,z) <e, thatis, z, € B(z,¢).
We say that = is a limit of the sequence ().
Examples of Convergent Sequences.

(a) Let p, := (zn,yn) € R%. Then the sequence (p,) converges to p = (x,y) € R? in
any of the metrics di, ds, d if and only if x, — x and y, — y.

(b) A sequence (fy,) in Cla, b] converges to an f € C[a,b] iff f, = f on [a,b]. Similarly,
fn converges to f in the metric space (B(A,R),d) iff f, =% f on A.

(c) A sequence (z,,) in a discrete metric space (X,d) converges iff it is eventually a
constant sequence.

(d) Let X = R and A := Z. Let d denote the standard metric o R as well as the
induced metric on A. Then a sequence in (A, d) is convergent iff it is eventually
constant.

Let A= (0,1) C R. We restrict the standard metric d on R to A. The sequence (1/n)
in A is not convergent to any point in A.

If a sequence (z,,) in a metric space (X,d) converges to z,y € X, then z = y, that is,
limit of a convergent sequence in a metric space is unique.

Let f: (X,d) — (Y,d) be a function and a € X. We say that f is continuous at a if for
any sequence (z,) in X converging (in the metric on X) to a, we have f(z,) — f(a) in
the metric on Y.

It is straightforward to give e-d definition of continuity.

One can mimic the proof of Item 9 to show that the two definitions of continuity are
equivalent. In the proof there, one needs to interpret |x — y| as d(z,y), the metric on
R.

Let (X, d) be a metric space. A subset K C X is said to be compact if every sequence
() in K has a convergent subsequence (z,, ) which converges to an z in K. We say
that X is a compact metric space if X is compact as a subset.

Examples of compact and noncompact sets.

(a) R:=[a,b] C R is a compact subset of R with the standard metric.
(b) The rectangle [a,b] x [c,d] C R? is compact in (R?,d) where d could be any of the
three metrics seen earlier.

Let (zn,yn) € R. Let (z,,) be a convergent subsequence with limit =z € [a,b].
Then (yy,) has a convergent subsequence (yy, ) converging to y € [c,d]. Then the
subsequence (zy,, ,Yn,, ) converges to (z,y) € R, by Item 8a.

The common mistake students do is to take converging subsequences of (x,) and
(yn). The result may not be subsequence. For, ((—1)", (—1)"), the z,, may have
ni’s even and y,, ’s may have n;’s odd!
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Let 2, = (—1)""! and y,, = r where 0 < r < 3 is the remainder when n is divided
by 3. Thus

z=(1,-1,1,-1...,) and y = (1,2,0,1,2,0,1,2,0,1,2,0,1,2,0,...).

Suppose the convergent subsequence of (x,,) is the sequence (x2,-1) of odd terms.
Then a convergent subsequence of the second sequence is given by (y146n). Hence
a convergent subsequence of (., yn) is (Ten+1, Yen+1)- Can you give another such?

(c) A discrete metric space is compact iff it is finite.

(d) R with the standard metric is not compact. For, consider the sequence (z,) with
Ty =M.

(e) (0,1) with the metric induce from R is not compact. For, consider the sequence
() with z,, = 1/n.

The next item allows us to ‘characterize’ compact subsets of the metric space (C|a, b], dso)-

15. Equicontinuity and Arzela-Ascoli’s theorem. This is best learnt in the context of
compact metric spaces.

(a) Let F :={fi:i € I} be a family of functions defined on a set J C R. We say that
F is equicontinuous on J if for any given € > 0, there exists § > 0 such that

zyeJ and |z —y| <d = |fi(z) — fi(y)| <eforalliel.

Note that any f; € F is uniformly continuous on J.
We say that F is uniformly bounded on J if there exists M > 0 such that

|fi(z)] < M for all z € J and for all i € I.

(b) Let F be a family of differentiable functions on J := [a,b] such that there exists
M > 0 such that

for all f € F,|f ()| < M for all x € J and |f(a)| < M.

Then F is equicontinuous and uniformly bounded on J. Hint: Mean value theorem.

(c) Arzela-Ascoli Theorem. Let F be a family of functions on J := [a, b]. Assume that
F is equicontinuous and uniformly bounded on J. Then given any sequence (f},)
in F, there exists a subsequence (f,, ) which is uniformly convergent to a function
frJ—=R
The proof is omitted. Note the similarity of this result with the Bolzano-Weierstrass
theorem which says that any sequence in a bounded subset A C R has a a subse-
quence which is convergent (not necessarily to an element of A).

16. Dedekind cuts. Let a € R. Let o := {z € Q : © < a}. Observe the following
properties of a:

(a) « is neither empty nor all of Q.
(b) If x € av and if s € Q satisfies s < z, then s € a.

(¢) There is no maximum or largest element in «.
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A set « of rational numbers is called a Dedekind cut if it satisfies the properties (a)-(c)
above.

17. Let C denote the set of Dedekind cuts of Q. It is easy to see (using the LUB property
of R) that the map « — lLu.b. « is a bijection of C with R.

18. Tt is the ingenious idea of Dedekind to use this observation to build/construct the real
number system R via Dedekind cuts. He defined R as the set of Dedekind cuts of Q,
defined the algebraic operations, order relations and showed that R, constructed this
way, is a field which is order complete (that is, enjoys the LUB property). For details,
refer to Rudin’s book listed in References.

We started the course with the properties of the real number system and end the course
with ‘a definition’ of real number system!
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9 Riemann Integration

Unless specified otherwise, we let J = [a, b] denote a closed and bounded interval, f, g: [a,b] —
R bounded functions. If f is given, and J; = [t;,t;+1] is a subinterval of J, we let

ml(f) =g.l.b. {f(t) <t < tprl} and Ml(f) = L.u.b. {f(t) 1 <t < ti+1}.

If f is understood or clear from the context, we simply denote these by m; and M;. We also
let m =g.lb. {f(z):z €a,b] and M =1lub. {f(z):z € [a,].

1. Integration is much much earlier than differentiation. The main idea of integration is
to assign a real number A, called ‘area’, to region R bounded by the curves x = a,
x =b,y=0and y = f(z), where we assume that f is nonnegative. The number A is
called the are of the region R, and called the integral of f over [a,b] and denoted by the

“symbol” fab f(z)dz

2. The most basic area is that of a rectangle. The area of the rectangle whose sides are ¢
and b is £ - b. Our definition of an integral should be such that if f(z) = ¢, a constant,

then f; f(x)dx = c(b—a).

We use this basic notion of area as the building blocks to assign an area to the regions
under the graphs of bounded functions. To understand the concepts and results of this
section, it is suggested that the reader may assume that f is nonnegative and draw
pictures whenever possible.

3. A partition or subdivision P of an interval [a, 0] is a finite set {zo, x1, ...,z } such that
a=x9<x1 < <xp_1<xzp,=>. The points x; are called the nodes of P.

Examples: (i) P = {a = zo,21 = b}, (ii) For any n € N, let z; = a + (b — a) for
0 <i<n. Then {xg,...,x,} is a partition, say, P,.
Given two partitions P and @ of [a, b], we say that @ is a refinement of P is P C ). In

the example (ii) above, the partition P41 is a refinement of Piy.

4. Given f: [a,b] — R and a partition P = {zg,...,x,} of [a,b], we let
L(f,P) = > mi(f)(wis1 — ;)
i=0

U(f,P) == > Mi(f)(wit1 — ).
i=0

Observe that, if f > 0, L(f, P) (respectively, U(f, P)) is the sum of areas of rectangles
‘inscribed’ inside (respectively, circumscribing) the region bounded by the graph.

L(f,P) and U(f, P) are called the lower and the upper Darboux sums of f with respect
to the partition P. They ‘approximate’ the area under the graph ‘from below’ and ‘from
above.’

It is clear that m(b —a) < L(f,P) < U(f,P) < M(b— a).
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5. Given a partition P = {x, ..., x,}, we insert a new node, say, t such that z; <t < x;41

for some ¢ and get a new partition ). Then drawing pictures of a nonnegative function,
it is clear L(f,Q) > L(f,P) and U(f,Q) < U(f,P). Thus, Q “produces” better
approximation to the area bound by the graph. This suggests that to get the ‘real’ area
we should look at

L(f)y= | f(z)dr := lub. {L(f,P): P is a partition of [a,b]}

U(f) = N f(z)dx := glb. {U(f,P): P is a partition of [a, b]}.

These numbers exist (why?) and are called the lower and upper integral of f on [a, b].
They may be understood as the area of the region under the graph as approximated
from below and from above respectively.

. We say that f is Darboux integrable (or simply integrable) on [a,b] if the upper and
lower integrals coincide. (This intuitively says that we require that the area should be
‘approximable’ both from below and from above.) If f is integrable, the common value

of the upper and lower integrals are denoted by the symbol ff f(x)dx

. Example. Let f:[0,1] — R be defined by f(x) =1if 0 <z < 1 and f(1) = 10°. We
claim that f is integrable on [0, 1] and fol = 1. Let P = {x0,..., 2y} be a partition of
[0,1]. Note that m;(f) = M;(f) = 1for 0 <i <n—1and M,(f) = 10° and m,,(f) = 1.
Hence we find

L(f,P)=1and U(f,P) = xp_1 + 10°(1 — 2p,_1).

It follows that lL.u.b. {L(f, P): P} =1 and g.Lb. {U(f,P): P} =1.

. Theorem. Let f: [a,b] - R be a bounded function. Let P and @ be partitions of
[a,b]. Then

(i) If @ is a refinement of P, then L(f,P) < L(f,Q) and U(f,P) > U(f, Q).

(i) L(f,P) < U(f, Q) for any two partitions P and Q.

(iii) The lower integral of f is less than or equal to the upper integral.

Proof. (i) It is enough to to prove it when @ = P U {c}, that is, ) contains exactly one
extra node. (Draw pictures, you will understand (i) immediately.) Let z; < ¢ < x;41.
All the j # i-th terms in L(f, P) and U(f, P) will be present in L(f,Q) and U(f, Q).
Corresponding to the term m;(f)(x;y1 — x;), we have two terms in L(f, Q):

glb. {f(z) 1z € [xi, ]} (c —z;) + gLb. {f(2) : x € [c,xiy1}(xiy1 — )

Note that m;(f) = g.l.b. {f(z) : € [z, xi41]} < glb. {f(x) : z € [z;, ]} (c — x;) ete.
Hence

glb. {f(z) :z € [zi, ]} (c —z;) + gLb. {f(2) : z € [c,xix1]} (wix1 — €)

< mi(f)(e—zi) + mi(f)(iy1 — ¢)
() (@iv1 — zi).

= mi
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It follows that

L(f,P) = ij(l“jﬂ —zj) | +mi(Tiy1 —xi) < L(f, Q).
JFi
Similarly, we obtain
Lub. {f(x):z € [z;, ]} (c— =) +lub. {f(z): z € [e,zit1]} (®it1 — ©)
< Mi(f)(ipr — i),

and conclude that U(f,Q) < U(f, P).
(i) is easy. Let P’ = PUQ. Then by (i),

L(f,P) < L(f,P") S U(f, P') <U(f,Q).

(iii) It follows from (ii) that each U(f,Q) is an upper bound for the set {L(f,P) :
P a partition of [a,b]}. Hence its lub, namely, the lower integral, will be at most
U(f,Q). Thus, the lower integral is a lower bound for the set {U(f, Q) : @ a partition of [a, b]}.
Hence its glb, namely, the upper integral is greater than or equal to the lower integral.

O]

9. A bounded function f: [a,b] — R is integrable iff for each € > 0 there exists a partition
P such that U(f,P) — L(f,P) <.

Proof. Let I; and Is be the lower and upper integrals. Since I; < Is, enough to show
that Iy > I, — e for any € > 0. Given € > 0, let P be as in the hypothesis. Observe that

L>L(f,P)>U(f,P)—e>1I—e¢.

As you see this is just playing with the definitions of the lower and upper integrals and
that of GLB an LUB. So, we leave the converse to you. O

10. Applications:

(a) Let f(z) = 22 on [0,1]. Let ¢ > 0 be given. Choose a partition P such that
max{z;+1 —x; : 1 <0<n—1} <e. Note that since f is increasing and continuous

m;(f) = f(zi) = 27 and M;(f) = f(zig1) = 2744,
It follows that

n

U(f,P)—L(f,P) = Z[(ﬂﬁz — xi—1)(xi + xi-1)] (2 — 24-1)

Hence f is integrable.
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(b) Consider f: [—1,1] — R defined by

a, —-1<z<0
f@)=40, =0
b, 0<z< 1.

Assume that a < b. We claim that f is integrable. Given € > 0, choose N € N such
that Z‘—N“ < e. Consider the partition P = {0, _Wl, %, 1}. Then U(f,P)— L(f,P) =
(b — a)/2N < €. Divide and con-

quer

(c) The last item can be generalized. Let P = {a = g, z1,..., Ty} be a partition of
[a,b]. Let o: [a,b] — R be defined as

c1, x€la,z1);
fl) =S¢, ze€lzii,z), 2<i<n—1;

Cny T E [Tp_1,Tn).

Then o is integrable and we have

n

b
/ U(t) dt = Zcz(xl — xi_1>.

=1

(d) Recall Thomae’s function f of Item 10i on page 25. We claim that f is integrable.
Let € > 0 be given. Choose k € N such that % < /2. There exist a finite number,
say, IV of rational numbers p/q with ¢ < k. Denote them by {r; : 1 < j < N}. Let
d <e/(4N). Choose a partition P = {zg, ..., x,} such that

max{|zit1 — ;| : 0<i<n-—1} <d.
Let A := {i : r; € [z, 2;41], for some j}, and B := {1,...,n} \ A. Note that bivide and con-
the number of elements in A will be at most 2N. (Why 2N? Some r; could be ™

the left and the right end point of ‘consecutive’ subintervals!) For i € A, we have
M; —m; < 1. For j € B, we have M; —m; < 1/k. Hence

U(f,P) = L(f,P) = Y (M;—mi)(iy1 —z:) + » (M —mj)(xj1 — ;)

i€A jE€B
1
< (2N)s + Z N(%‘H — )
JjEB
1
< (2N)d + T
< E&.

(e) Dirichlet’s function. Let f: [0,1] — R be defined by f(z) = 1ifz € Qand f(z) =0
otherwise. Then for any partition P, we see that m;(f) = 0 and M;(f) = 1 so that
U(f,P)— L(f,P) =1 always. Hence f is not integrable.
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11.

12.

13.

14.

15.

Let f: [a,b] — R be bounded and monotone. Then f is integrable.

Assume that f is increasing. Given ¢ > 0, choose N so that (b_a)(fj(vw < e. Let

Ti=a-+ z'b_Ta, 0 <i < N. Note that m; = f(z;) and M; = f(x;+1). Hence,

U(f,P)—L(f,P)
b—a

= —y (f@1) = f@o)] + +[f(z2) = flz)] + -+ [flzn) = flan-1)])

= D) fa)).

Let f: [a,b] — R be continuous. Then f is integrable.
This is the first time where we are seriously using the concept of uniform continuity.
Given € > 0, choose ¢ using the uniform continuity of f for ;=-. Let N € N be such
that % < 9. Let z; := a+ib_T“, 0<i<N. Let P:={x;:0<i< N}. The continuous
function f attains its maximum and minimum on [z;, x; 1], say, at ¢;,8; € [z, Tiy1].
Since |t; — s;| < 1/N < 4, it follows that M; — m; < ¢/(b—a) for 0 < i < N — 1.
Therefore,

N—

U(f,P)—L(f,P) < ),

[y

e b—a
b—a N

o .

Exercise: f: [a,b] — R is bounded, continuous on [a,b] except at ¢ € [a,b], then f is
integrable. (Divide and conquer strategy, see Item 10b.)

Consider f: [0,1] — R defined by f(x) = 22. We have already seen that f is integrable.
We now compute its integral.

Let P = {0 = xq,21,...,2, = 1} be any partition. Consider g(x) = 23/3. Then ¢’ = f.
By MVT, g(x;) — g(xi—1) = f(t;)(x; — x;—1) for some t; € [z;_1,z;]. Hence

Zf(ti)(ffi — 1) = Z(g(:vi) —g(wi—1)) = g(1) — g(0) = 1/3. (62)

Since m; < f(t;) < M;, we see that

L(f,P) < Z Ft) (@i — 1) < U(f, P). (63)

It follows from (62)—(63) that L(f,P) < i < U(f,P) for all partitions. That is,
Lub. {L(f,P) : P} < 1/3 < glb. {U(f,P) : P}. Since f is integrable, the first
and the third terms are equal. Hence fol f(z)dxr =1/3. O

Properties of the Integral

Theorem. Let f,g: [a,b] — R be integrable functions and ¢ € R. Then
(i) cf is integrable and f;(cf)(a;) dr = cfab f(z) dz.

(ii) f + g is integrable and we have ff(f +9)(z)dx = ff f(x)dx + ffg(:z:) de.
(iii) Let R([a,b]) denote the set of integrable functions on [a,b]. Then R([a,b]) is a
vector space and the map f — f: f(x)dx is a linear map.
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16.

17.

Proof. These are very easy and the reader should prove them on his own.

First note that if ) # A C R is a bounded set and ¢ € R

i >
L. A — cxlub. A ife>0
cxglb. A ife<0

It follows that, for any partition P,

U(cf, P) = exU(f,P) ifec>0 d L(cf,P) = cx L(f,P) ifc>0
PV exn,p) ite<o NPT T N exu(nP) ife<o
Consequently,
Ulcf) = exU(f) ife>0 d Licf) = ex L(f) ife>0
= ex L(f) ife<O o = exU(f) ife<O

Since U(f) = L(f), it follows that U(cf) = L(cf) = cU(f) = cL(f), which is (i).
To prove (ii), given £ > 0, there exist partitions P; and P, such that

U(f,P)— L(f,P) <e/2 and U(g,P)— L(g, P2) < &/2.
Let P = P; U P; so that P is a refinement of P; and P,. Hence

U(f,P)—L(f,P)<e/2 and U(g,P)— L(g,P) < ¢/2. (64)

Observe that for any nonempty subset S C [a, b], we have

Lub. {f(z) +g(z) : x € S}
glb. {f(z)+g(x): 2 € S}
(Reason: Let F and G denote the GLB’s of f and g on S. Then f(z) + g(z) > F + G for

all z € S so that F + G is a lower bound for the set {f(z) + g(z) : # € S}. ) In particular,
mi(f +¢g) = mi(f) +mi(g) and M;(f 4+ g) < M;(f) + m;(g) for each i. It follows that

Lub. {f(z):z € S} +Lub. {g(z):2z €S}

<
> glb. {f(z):x € S}+glb. {g(z):z € S}

L(f +9,P) = L(f, P) + L(g, P) and U(f+g,P) <U(f,P)+Ul(g, P). (65)
The result follows from (64) and (65). O

(Monotonicity of the integral.) Let f,g: [a,b] — R be integrable. Assume that f(z) <
g(x) for € [a,b]. Then ff f(z)dx < f:g(m) dzx.

Easy. One needs only to observe that for any partition P, M;(f) < M;(g) so that
U(f,P) <U(g, P). 0

Theorem. Let f be integrable on [a,b]. Assume that m < f(t) < M for ¢ € [a,b]. Let
g: [m, M] — R be continuous. Then g o f is integrable on [a, b].
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18.

19.

20.

Proof. We shall use s,t for elements of [a,b] and x,y for elements of [m, M].

Let € > 0 be given. The uniform continuity of g on [m, M| ensures a 6 > 0 such that
z,y € m M & |z —y[ <6 = [g(z) —g(y)| <e

Let 7 := min{d, e}. Choose a partition P of [a, b] such that U(f, P)—L(f, P) < n, where

n is to be specified later. Let A := {i: M;(f) — m;(f) < 61} and B its complement.

If i € A, then M;(go f) —mi(go f) <e. If j € B, Mj(go f) —mj(go f) <2C where C
is an upper bound for |g| on [m, M]. We have

N> (Mj(f) —mi(H) (@i —25) >0 Y (w5401 — ).
jeB jeB
Hence ZjeB(:er —xj) < n/é1. We therefore obtain
Ulgo f,P)=L(go f,P) = Y (Mi(go f) —mi(go f))(wi1 — z;)
i€A

+ Y (Mj(go f) —mj(go f))(wjr1 — ;)
jEB
61(b —a) + (2C)(n/d1)

<
< eb—a)+ (2C)(n/d1), since 61 <e.

If we choose i = 6%, since 01 < ¢, it follows that,
U(go f,P)—L(go f,P) <e(b—a+2C).
That is, g o f is integrable on [a, b]. O

If we drop that the condition that g is continuous, then g o f may not be integrable.
Consider Thomae’s function. Let g: [0, 1] — R be defined by g(z) =1 if x € (0, 1] and
g(0) = 0. Then g is integrable, but g o f is Dirichlet’s function and it is not integrable.

Exercise. Applications of Item 17. Assume that f,g: [a,b] — R be integrable.
(a
(b
(c
(d

Show that |f| is integrable.
Show that f? is integrable.
Show that fg is integrable.

~— — —

Show that max{f, g} and min{f, g} are integrable.

(Basic estimate for integrals.) Let f: [a,b] — R be integrable. Then |f| is integrable
and we have

b b
| / f(2) da] < / 1£(2)] da. (66)
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Proof. |f| is integrable by Item 19. Choose ¢ = +1 so that sf:f(t) dt = |fff(t) dt|.

Then
b b
| / f(tydt] = / f(t)dt

b
= / ef(t)dt (by linearity of the integral)

b
= / |f(t)] dt (by monotonicity, since +=f < |f]).
a
O

21. If f is integrable on [a, b], then f is integrable on any subinterval [c, d] of [a, b]. Further-

o / ) d = / " f(2) da + / ) d (67)

for any ¢ € (a,b). (This known as additivity of the integral as an interval function.)

Proof. We show that f is integrable on [a, | for ¢ € (a,b). The general case is proved
in a similar vein. Let € > 0 be given. Let P be a partition of [a, b] such that U(f, P) —

L(f,P)<e
Let P be any partition of [a.b]. Let @ = P U {c} and P, := @ Na,c|. Then,

U(f, 1) = L(f, ) <U(f,Q) = L(f,Q) <U(f, P) = L(f, P) < ¢

Hence f is integrable on [a, c|.
Let Qo = PU{c}, Q1 = QNJa,c] and Q2 = Q N [c,b]. We have

U(f)‘P)zU(va) = faQ1)+Uf’Q2)

< /f d:r+/f
— /af(a;)dw—i-/c f(z) dz, why?

c b
U(f,P) < / f(x)dx +/ f(x) dz, for any partitionP.

Thus, we have proved

Now complete the proof. ]

22. If f: [b,a] — R is integrable, we define fab f(@),de = — [} f(x)dz and [} f(z)dz = 0.
Using this convention, we see that for any a, b, ¢ such that f is integrable the smallest
interval containing a, b, ¢, we have f; f@)de = [7 f(x)dz + fcb f(x)dx

23. Exercises:

(a) Show that f € R(I) implies that f? € R(I).
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(b)
()

(d)
(e)

Let f € Cla,b]. If ff f(z)dz =0, then f(c) =0 for at least one ¢ € [a, b].

Let f € R(I), f >0, and [, f =0. Then f = 0 at each point of continuity of f.
Hint: There exists .J containing ¢ such that f(z) > 3 f(c) ifz € J C I.

If f € Cla,b], fab f(x)g(z) =0, for all g € Cla,b], then f =0.

Let f > 0 be continuous on [a,b]. Let M = max, f. Then

am (f b[f(ar)}”y Y

f € R(I) iff for all € > 0, there exists step functions s1, s such that s;(z) <
f(z) < sa(x) and [;(s2 —s1) <e.
Let f > 0 be continuous, strictly increasing on [a,b], where 0 < a < b. Then
Jo P+ [T =) - af(a).
Use this result to evaluate the following: (i) fab m%dac, 0<a<b, (il) fol sin~! adz.

Prove the following version of Young’s inequality. Let f be a continuous and strictly
increasing function for x > 0 with f(0) = 0. Let g be the inverse of f. Then for
any a,b > 0 we have

ab < /Oaf(x) dw+/0bg<y> dy.

Equality holds iff b = f(a).
Take f(z) := 2% in Young’s inequality above to deduce the original Young’s in-
equality: Let p > 0, ¢ > 0 be such that (1/p) + (1/¢q) = 1. Young’s inequality
holds:

(2P /p) + (y?/q) > xy for all x > 0 and y > 0. (68)

The equality holds iff zP~1 = y iff 21/7 = 41/7,

For z,y € R" and for 1 < p < oo, let |z, := (3, |x,~\p)1/p and for p = oo, let
|zl := max{|z;| : 1 <i < n}. For p> 1, let ¢ be such that (1/p) + (1/q) = 1.
For p = 1 take ¢ = oco. Prove Holder’s inequality:

> laillpsl < Jlall, 6], for all a,b € K™
7

oy _ lai _ bl
Hint: Take x = lal, and y = |

When does equality occur?

- in Young’s inequality (68) and sum over i.
q

Fundamental theorems of calculus

24. First fundamental theorem of calculus. Let f: [a,b] — R be differentiable. Assume
that f’ is integrable on [a, b]. Then

b
/ f'(2)dz = f(b) — f(a).
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25.

26.

27.

28.

Proof. We adapt the proof of Item 14. Let P = {zg,z1...,2,} be any partition of
[a,b]. By MVT, we obtain

f(.Tl) — f(xifl) = f/(tl)(l‘l — CL‘Z',l), for some ti(.%‘i,l, Il) (69)
It follows that

Z f'(t)(xi — xi-1) = f(b) — f(a). (70)

Arguing as in Item 14, we arrive at the result. (Do you see where we used the integra-
bility of f'?) O]

Exercises.

(a) Let f:]0,a] — R be glven by f(z) =22 Find [} f(z)dz.
(b) Show that [ f(z)dx = for f(z) = 3.

c) Let 0<a<1. Showthat Ysinz = 1 — cosa.

(c) Jo

Let f: [a,b] — R be integrable. Then for any x € [a, b], we know that f is integrable on
[a, z]. Hence we have a function F: x — [* f(t)dt, x € [a,b]. F is called the indefinite
integral of f.

Theorem. (Fundamental theorem of calculus-2) Let f: [a,b] — R be integrable. The
indefinite integral F' of f is continuous (in fact, Lipchitz) on [a, b] and is differentiable
at z if f is continuous at x € [a,b]. In fact, F'(z) = f(x).

Proof. Let M be such that |f(x)| < M for x € [a,b]. Then we have
y y
F@) -~ F)l =1 [ @yl <0 [“1ae=lo—y).

Let f be continuous at ¢. We shall show that F' is differentiable at ¢ and F'(c) = f(c).
Observe that, for x > c,

Fla) =Pl _ f t)dt and f(c

/f
xr — C Tr — C JJ—C

Hence, we obtain

FEZEE) ) < /\f o) d. (71)

r—cC r —cC

Given € > 0, by the continuity of f at ¢, we can find a § > 0 such that |f(t) — f(c)| < e
for |t — ¢| < 6. Hence for = € [a, b] such that |z — ¢| < J, we see that the RHS of (71) is
estimated above by e. Similar argument applies when = < c. O

We can deduce a weaker version of the first fundamental theorem Item 24 from the
second fundamental theorem of calculus.

Let f: [a,b] — R be differentiable with f’ continuous on [a,b]. Then f: fl(x)dx =
f(®) = f(a).
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Proof. Since f’ is continuous, it is integrable and its indefinite integral say, G(z) =
[ f(t) dt exists. By the last item G is differentiable with derivative G’ = f’. Hence
the derlvatlve of f — G is zero on [a,b] and hence the function f G is a constant on

[a,b]. In particular, f(a) — G(a) = f(b) — G(b), that is, f(a) f f(x O

29. Theorem. (Integration by parts). Let u,v: [a,b] — R be differentiable. Assume that
u’,v" are integrable on [a, b]. Then

b b
/ w(z)v' (z) dz = u(z)v(x) |} —/ o (z)v(x) dx. (72)

Proof. Let g := wv. Then g is integrable, ¢’ = u'v + uv’ is integrable. (Why? If we
assume that v and v are continuously differentiable, then the integrability of ¢’ etc are
clear.) Apply the first fundamental theorem of calculus to f(f ¢'(z) dz to arrive at the
result. O

30. Theorem. (Change of variables). Let I,J be closed and bounded intervals. Let
u: J — R be continuously differentiable. Let u(J) C I and f: I — R be continuous.
Then f o u is continuous on J and we have

b u(b)
/ fou(z)u(z)dr = /( | fly)dy, a,beJ. (73)

Proof. Fix ¢ € I. Let F(y) := [? f(t)dt. Let g(x) := F ou(z). Then by chain rule, g
is differentiable and

g (x) = Fl(u(@))'(z) = f(u(x))v(z).

We apply the first fundamental theorem of calculus to ¢':

[ rew@a = [ @

= 9(b) —g(a)
u(b) u(a)
_ / f(t)dt—/ £(t) dt

u(b)
_ / F(t) dt.
u(a)

31. Exercises.

(a) Let g : R — R be differentiable. Let F(z) = g(x) t2dt. Prove that F'(z) =
g*(z)g'(z) for all x € R. If G(x fh () t2dt then What is G'(x)?

(b) If f” is continuous on [a, b], show that fa [ (x)dx = [bf'(b)— f(b)]—[af(a)— f(a)].
Hint: Integrate by parts!

(¢) Let f > 0 be continuous on [1,00). Let F(z) := [ f(¢t)dt < [f(x)]*>. Prove that

f(z) > 4(z —1). Hint: The integral [;" F _5F'( )dt is relevant.
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32.

33.

34.

(d) Let ¢”(t) be continuous on [a, b]. If there exists m > 0 such that ¢/(t) > m for all
t € [a,b], then by second mean value theorem, | fab sin ¢(t)dt| < 2. Hint: Multiply
and divide the integrand by ¢'(t).

Mean Value Theorems for Integrals
(Mean Value Theorem for Integrals). Let f be continuous on [a,b]. Then there exists

¢ € |a,b] such that f: f(x)dz = f(c)(b—a).

Proof. Let m = inf f, M = sup f on [a,b]. Then m < f(z) < M implies f;m <
fff(x)dx < ffM or

b b
m(b—a)g/ flz)de < M(b—a) :mgbia/ f(z)dz < M.

That is, the number - [ b f(z)dz € f([a,b]). Hence by the intermediate value theorem
for continuous functions, there exists c € [a, b] such that ;= f fz)dz = f(c). O

(Weighted /First Mean Value Theorem for Integrals). Let f, g be continuous on |[a, b].
Assume that g does not change sign on [a,b]. Then for some ¢ € [a,b] we have

f f(x)g(x)dz = f(c) ffg(x)dl‘

Proof. With out loss of generality, assume that g > 0. Therefore, mg(x) < f(x)g(x) <
Mg(x). Hence mf g(x)dx < f f(x)g(z)dx < Mf g(x)dx. If f;g(:z) = 0, nothing

to prove. Otherwise, fa g(x)dx > 0. Therefore divide by it on both sides and apply
intermediate value theorem as before. If g < 0, we apply the above argument to —g.

Note that the last item is a corollary of this. O

(Second Mean Value Theorem). Assume g is continuous on [a,b] and that f’ is also
continuous and f’ does not change sign on [a,b]. Then there exists ¢ € [a, b] such that

L[}umemxzfmxgywmx+ﬂm1ﬂmwm.

Proof. Let G(x f g(t)dt. g continuous implies G'(z) = g(z). Hence integration by
parts gives us:

b b b
t/mmmmz/fMGmm:ﬂwmw/fwmwm (74)

since G(a) = 0. By the first mean value theorem,

b b
/ fl(2)G(z)dz = G(C)/ fl(@)dz = G(o)[f(b) — f(a)) (75)

(74) and (75) imply that

/ fx = f(0)G(b) = G(e)(f(b) = f(a)) = f(a)G(c) + F(D)G(b) — G(c)].
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35. (Another version of the second mean value theorem). Let f: [a,b] — R be monotone.

36.

37.

38.

Then there exists ¢ € [a, b] such that

/f f(a)(e —a) + FB)(b—c).

Proof. Assume that f is increasing. Note that f € R([a,b]) and we have f(a)(b—a) <
Ji f@)de < FO)(b - a)
Define h(x) := f(a)(z —a) + f(b)(b — ). Then h is continuous. Note that h(a) =

f(b)(b—a) and h(b) = f(a)(b—a). Thus, f; f(x) dx is a value lying between the values
h(b) and h(a). By the intermediate value theorem applied to h, we conclude that there
exists ¢ € (a,b) such that h(c f f(z)dz. This is as required. O

Exercise:

(a) Use the first mean value theorem to prove that for —1 < a < 0 and n € N,
Sn :—fa 1+zdm—>0asn%oo

(b) Use the second mean value theorem to prove that for f strictly increasing on [a, b]
and g € Rla, b, g(t) > 0, there exists a ¢ € [a, b] such that

b c b
/fmmmﬁzﬂw/gww+ﬂw/g@w

Hint: G(a) =0, G(z) = [ g(t)dt, a < x < b, G € C[a,b]. Therefore G increases.

Cauchy-Maclaurin Integral Test. Let f: [1,00) — R be positive and nonincreasing.
Let I, := [|" f(z)dz and s, :== >__; f(k). Then

(i) the sequences (I, ) and (s,) both converge or diverge.

(i) Yop_y f(k) — J{" f(z) dz — € where 0 < £ < f(1).

Proof. Since f is monotone, f is integrable on [1,n] for any n € N. Observe that
f(k) < f(x) < f(k—1) for x € [k — 1,k]. Hence by the monotonicity of the integral,
we obtain

k
flk=1) > f(x)dx > f(k). (76)

k—1
Adding these inequalities and using the additivity of the integral, we get

(ﬂmz;/fﬂmdxz§jfw» (77)
1 k=2

From (77), (i) follows from comparison test.

n—1
k=1
To prove (i), we define (n) := >_p_, f(k) — [{" f(x) dz. Then ¢ is nonincreasing (use
(76) and satisfies 0 < p(n) < f(1) (use (77)) (ii) follows from these observations. [
Euler’s Constant . Apply the last item to conclude that 1 + % + % 4+ -+ % —logn

converges to a real number, denoted by v where 0 < v < 1.
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39.

40.

41.

42.

43.

Exercise: Prove that

(
(b) If —1 < k <0, 1% +2F + .. + 0¥ — 270 is convergent.
If —1 < k<0, H2ednt 1

(d) kX7 % — 1, as k — 0+.

Riemann’s Original definition

Let P = {xq,...,z,} be a partition of [a,b]. Let t; € [x;,zi+1], 0 <i < n—1. Then t;’s
are called tags. Let t = {t; : 0 < i < n — 1} be the set of tags. The pair (P, t) is called
a tagged partition of [a, b].

The Riemann sum of f for the tagged partition (P,t) is defined to be S(f, P,t) :=
S F(ta) (win — ).

We say that f is Riemann integrable on [a, b] if there exists A € R such that for every
€ > 0, there exists a partition P such that for any refinement @ of P and for any tag t
of (), we have

1S(f,Q,t) — Al <e.

We call A the Riemann integral of f on [a,b]. It is easy to see that A is unique. Note
that we do not demand that f is bounded on [a, b)].

If f: [a,b] — R is Riemann integrable, then it is bounded on [a, b].

Proof. Let P be partition such that for ¢ < 1, we have |S(f, P+,t) — A| < 1, for any
set of tags in P. Fix a set of tags {a;} in P. For any set {z;} of tags, we have

|S(f, P,{ai}) — S(f, P, {=i})| < 2.

Let us take x; = a; for i > 2 and x1 = = € [xg, z1] arbitrary. It follows that

IS(f, PoAai}) — S(f, PAz:i})| = | f(a1) — f(z1)|(z1 — 20) < 2,

so that |f(z)| € —2— + |f(a1)|. That is, f is bounded on [xg,z;]. Similarly, it is

- (z1—wo)
bounded on each of the subintervals of the partition and hence is bounded on [a,b]. O
Riemann integrable iff Darboux integrable and both the integrals are the same.

More precisely, let f: [a,b] — R be a bounded function. Then f is integrable iff it is
Riemann integrable, in which case we have ff f(x) dz is the Riemann integral.

Proof. We shall prove a simple case first. Let f: [0,1] — R be continuous. Take any
ci € [&1, 1], Then

n’'n

1
Jim 3" f(e) = /0 f(@)da.
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Observe that

1Zf<0z') = Z/x [(f(e;) — f(2)) + f(x)] da

1 n x;
- /0 oy + 3 / " (fte) - f@)

If n > 1, the terms |f(z) — f(¢;)| can be estimated using uniform continuity.
Now, we deal with the general case.

Assume that f is integrable on [a,b]. Let I = f;f(x) dz. Let € > 0 be given. Since f
is integrable, there exists a partition P of [a,b] (by Item 9) such that

L(f,P)>I—¢ and U(f,P)<I+e. (78)

Let Q = {xo,...,z,} be any refinement of P. Then (78) holds true when P is replaced
by @. Note also that for any choice of ¢; € [tx;, x;+1], we have

m;(f) < f(t) < M;(f).

It follows that

I—¢ < L(f,Q), using (78) and the fact L(f, P) < L(f,Q)
1

3

IN

() (xig1 — x4)

=0
U(f,@)
< I+¢, using (78) and the fact U(f,Q) < U(f, P).

IN

That is, for any tagged partition (Q,t) with @Q D P, we have

n—1

> Ft) (@ipn — @) —I| <e.
i=0
Thus, f is Riemann integrable on [a,b] with Riemann integral I.
Let f be Riemann integrable with Riemann integral A. Given £ > 0, there exists a

partition P = {z; : 0 <i < n} such that

n—1

’Zf(ti)(xi—i-l —x;) — Al <¢/3,

=0

for any set of tags t = {t; : 0 < i < n}. There exist s;,u; € [z;—1, ;] such that

fsi) <mi(f) +

so that




We now obtain

U(f,P)*L(f,P) =

< DU = ) = 2+ g D e =)
1
< 1D )i — i) — Al + A - Zf @i — )|+ 5
=0
< &

Hence f is integrable.

Let I = f; f(z)dx and A be the Riemann integral of f on [a,b]. We need to show that
A= 1. Let ¢ > 0 be given. Since f is Riemann integrable, there exists a partition P;
such that for any refinement @ of P; we have

|S(f, P,t) — A| < /3, for any set of tags t. (79)
Since f is integrable, there exists a partition P, such that
U(f,P) — L(f, P2) <e/3sothat U(f, P») < L(f, P2) +¢/3. (80)
Let Q = P, U Ps.
We observe that (using (80)),

‘; (81)

Again, using (80), we have

L(f,Q) <I<U(f,Q) < L(f,Q)+ (82)
Using (79)—(82), we obtain,
€ € €
< g + g + g
Since € > 0 is arbitrary, this shows that A = I. O

44. Exercise: Applications to sum of an infinite series. Show that

(@) sp =1 1 1T2+n2—>log\fasn—>oo
(b) fora > —1, s, —W#%H—a

(c) sn= 2n+1+2n+2+ +$—>log(3/2).
(

)
)
d) nd 0, <r2+n2> -1
(€) Yhot 5 — log(1+v2).

2+ )
45. Exercise: Obtain the limits of the sequences whose n-th term is
o1 1 1
OFrtamt - tam
) 1 1 (="
M) g —apt ot m

C
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10 Improper Riemann Integrals

We extend the concept of Riemann integral to functions defined on unbounded intervals or
to unbounded functions.

1. Observation. Let f: [a,b] — R be integrable. Then

b d
/a ftydt = Tim. <d1££ / f(t)dt).

Proof. Let g(x) := [ f(t)dt. Then g is continuous on [a,b]. Therefore,
b
[ @yt =g) - gta)

=t (Jim o))
)

= lim < lim g(d) — g(c)

d—b— \ c—a+

O]

2. The observation of the last item motivates the following definition. Let (a,b) be a
nonempty, open, possibly unbounded interval and f: (a,b) — R.

(a) We say that f is locally integrable on (a,b) if f is integrable on each closed subin-
terval [c, d] of (a,b).

(b) We say that the improper Riemann integral of f exists on (a,b) if

d
li li
s ([0

exists. The limit is denoted by f; f(t)dt.

3. The order in which limits are taken in the last definition does not matter.

Proof. Let tg € (a,b) be fixed. We observe

d to d
lim <lim /C f(t) dt) = lim < i f(t) dt—i—dliril f(t) dt>

c—a+ \d—b— c—a+ —Jto

to d
= lim [ f@t)dt+ lim [ f(t)dt
d—

c—a+ c b— to

d
= li li t)dt | .
dﬂﬂﬁlﬂ>>
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10.

11.

In view of the last item we use the notation

c—a+ c—a+
d—b—

d d
lim / f(t)dt tostand for  lim <dlirlr)1 / f(t) dt> .
c —0=Je

. If we deal with intervals of the form (a, b], we may simplify the notation

/abf(t) dt = lim /cb F(t) di.

c—a+

Examples:

(a) The function f(z):= z~/? has an improper integral on (0, 1].

(b) The function f(z):= z~2 has an improper integral on [1, 00).

Theorem. If the improper integral of f,g exist on (a,b) and a,f € R, then the
improper integral of af + g exists on (a,b) and we have

b b b
| @)+ 89w de=a [ seyar+ s [ g)ar

(Comparison theorem.) Let f, g be locally integrable on (a,b). Assume that 0 < f(¢) <
g(t) for t € (a,b) and that the improper integral of g exists on (a,b). Then the improper
integral of f exists on (a,b) and we have

[ rwas [[awa

Proof. Fix ¢ € (a,b). Let F(d) := fcd f(t)dt and G(d) := fcdg(t) dt for d € [e,b). We
have F(d) < G(d). Since f > 0, the function F' is increasing on [c,b]. Hence F(b—)
exists. Thus, the improper integral of f exists on (¢, b) and we get

d b
| f0de=Fo-) <60-) = [ gty a
A similar argument works for the case ¢ — a+ O

Examples.

(a) The function f(x) := |#~3/2sin | has improper R-integral on (0,1]. Hint: Observe
that 0 < f(z) < 273/2|z| = 2= Y2 on (0,1].

(b) The function f(x) := 2~5/?logz has improper R-integral on [1,00). Hint: Note
that 0 < f(z) < 2732212 for all z > M for some M > 0.

Exercise: If f is bounded and locally integrable on (a,b) and g has improper R-integral
on (a,b), then |fg| has an improper R-integral on (a,b).

Let f: (a,b) — R.
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12.

13.

(a) We say that f is absolutely integrable on (a,b) if | f| has an improper integral on
(a,b).

(b) When do we say f is conditionally integrable on (a,b)?

Theorem. If f is absolutely integrable on (a,b), then the improper integral of f on

(a,b) exists and we have
b b
I/ f(t)dt| s/ |£(t)] dt.

Proof. Note first of all that f is locally integrable on (a,b). (Why?) Note that 0 <
|f(x)| + f(x) < 2|f(x)|. Hence the improper integral of |f| + f exists on (a,b) (by
comparison theorem). By Item 7, the improper integral of f = (| f|+ f) — | f| also exists
n (a,b). Also,

d d
]/ f(t)dt]g/ |f(t)]dt for all a < c < d <b.

We finish the proof by taking limits as ¢ — a+ and d — b—. O

An important example. We show that f(z) = sinz/z is conditionally integrable on
[1,00).

Consider f 7 S‘gz dx. Integration by parts yields

Rging cosx1R R cosx
der = — — 3 dzx
1 xr xr 1 1 X

R R
=cosl — CO]S% — /1 C?:;U dz. (83)

Since 272 is absolutely integrable on [1,00) and since | cos x| < 1, it follows that %% is
absolutely integrable on [1,00). We obtain from (83)

D : o
sinx CoS T
dr = cos1l — 3 dx.
1 x 1 x

We now show that sinz/x is not absolutely integrable on [1,00). We observe that

/”’T|smx\d >Z/ |smx|
1
> — sinz|dx
z::’” /(k—m‘ |

” 1
= k:/ sin x dx

I
Eal
i s u
[\
5
a“\’
1
3
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14. (Gamma Function.) We shall show that the improper integral of the function f(t) :=

t*~le=t exists on (0, 00).

Observe that t*~te=" < t*~! for t > 0. Hence the improper integral of f exists on (0,1)
for x > 0.

Also, since t*Tle™" — 0 as t — oo, it follows that
t*let < Ct™2 for t > 1 for some C > 0.

Hence the improper integral of f exists on [1, c0).

The gamma function is defined on (0, c0) by the formula
I(z):= / t* et dt.
0

Using integration by parts, one shows that I'(x + 1) = 2I'(z) so that I'(n) = (n — 1)!.
. Exercise.

(a) For each of the following, find the values of p € R for which the improper integral
exists on the specified interval I.
() =27P, I =(1,00).
fw) =, 1= (0,1).
(z) = 1/(1 +2P), I = (0,00).
iv. f(z)=1/(xlogPz), I = (e,00).
(b) Decide whether the improper integral of f(z) := (2 + 28)~1/% exists on (1, 00).
Ans: It exists.
(c) Decide whether the improper integral of f(z) := (7 + %)~ /4
Ans: No.

(d) Decide whether the improper integral of f(z) :=
s

R

exists on (0, 00).

em . . . .
Tieow exists on R. Ans: Yes, it is

(e) Show that the improper integral of f(z) := ||~ 1/2 exists on [~1, 1] and its improper
integral is 4.

(f) Decide which of the following functions have improper integral on I:
i. f(a:) =sinz, [ = (0,00)

f(x )—1:_2 I=[-1,1].
f(x) =27 tsin(z™1), I = (1,00).
iv. f( )= log$ I=(0,1).

(g) Assume that the improper integral of f exists on [1,00) and that lim, . f(z) = L
exists. Prove that L = 0.

(h) True or false: [ sec? zdx = 07
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11 Riemann-Stieltjes Integral

Most of the arguments in this section are completely similar to those in the theory of Riemann
integral. Hence most of the details will be omitted.

1. Let a: [a,b] — R be an increasing function, P a partition of [a,b]. We let Aq; =
a(t;) — a(ti—1) for 1 < i <n. For any bounded function f: [a,b] — R, we define

L(f,a, P) ZmZAaz and U(f,a, P) ZMA%
=1

We let
I(f,a) ==sup L(f,a, P) and I(f,a) := inf U(f, P).
P

If I(f,a) = I(f,a), we say that f is a-integrable on [a,b] and its Riemann-Stieltjes
integral (RS-integral, for short) f: f da is the common value:

b
/ fda:=T(f,0) = I(f.a)

2. We let R(a,[a,b]) (or R(«), if the interval is understood) denote the set of all RS-
integrable functions on [a, b] with respect to the integrator «.

3. If we let «(t) = t, we see that the Riemann integral is a special case of RS-integral.

4. The list of results below and their proofs are similar to the analogous results in the
theory of R-integral.

(a) If P is a refinement of Py, then

L(f7a7P1) §L(f,a,P1) and U(f,a,Pl) > U(f7a7P1)‘

(b) For any two partitions P, @, we have

L(f,o, P) <U(f, 0, Q).

(c) We have I(f,a) <I(f,a).
(d) f € R(«) iff for each € > 0, there exists a partition P of [a, b] such that

U(f,a, P)— L(f,a,P) < ¢

(e) If f is continuous on [a,b], then f € R(w).

(f) Let f be monotone on [a,b]. If we further assume that « is continuous, then

f € R(a).
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Proof. The proof as in the Riemann integral goes through if for a given N € N,
we can choose a partition such that

Since « is now assumed to be continuous, this is possible. Why? For instance, we
are seeking a point ¢; such that

M < a(b).

a(tr) = a() + Y <

Since « is continuous, by the intermediate value theorem, there exists ¢; € [a, b] as
required. This process can be repeated. O

(g) Let f € R(a). Let m < f < M on [a,b]. Assume that g: [m,M] — R be
continuous. Then go f € R(«).
Proof is similar to the one in Item 17 of Section 9.

5. Properties of the RS-integrals.

(a) (Linearity). R(«) is a vector space over R and the map f — f; fda is a linear
map.

(b) (Monotonicity). If f < g, then f;fda < f;gda.

(c¢) (Integral as a function of intervals). Let a < ¢ < b and f € R(a,[a,b]) on [a,b].
Then f € R(a,[a,c]) and f € R(a, [c,b]) and we have

/abfda:/acfda—i—/cbfda.

(d) If f € R(ai,[a,b]) and f € R(ag,[a,b]), then f € R(a1 + ag, [a,b]).
(e) If f € R(a,[a,b]) and ¢ > 0, then f € R(ca, [a,b]) and we have

/abfd(ca)—c/abfda.

The last two are ‘new’ results in the theory of RS-inetgrals nd are easy to prove.
6. If f,g € R(a), then fg € R(«).
7. If f € R(«), then |f| € R(«) and we have

I/:fdozlé/ablflda-

8. We now specialize to the case when the integrators are either step functions or contin-
uously differentiable functions. These two class of RS-integrals occur in many parts of
mathematics, physical sciences and statistics and hence of practical importance.
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10.

11.

12.

12

0 ifx<0
Let H: R — R be the Heaviside function defined by H(x) = {1 ?f v= o Note that
Irzr>

H is increasing.

Lemma. Let f: [a,b] — R be bounded and continuous at s € (a,b). Let a(t) = H(t—s),
the Heaviside function. Then

b
[ da=s6s). (84)

Proof. Let P = {a = t9 < t1 = s < ta > t3 = b} be a partition. Then «(t;) —
alty)) = H(t1 —s) —H(a—95) =0, a(t2) —a(t1) = H(ta —s) — H(t; —s) = 1 and
a(ts) — a(ta) = H(ts —s) — H(ta — s) = 0. Hence it follows that U(f, P,a) = M.
Similarly, L(f, P,«) = m;. If we choose a sequence of partitions such that to — s, we
see that M, m; — f(s), thanks to the continuity of f at s. O

We refer the reader to Rudin ’ book for the proofs of the following theorems (Theorems
6.16 and 6.16 on pages 130-132).

Theorem. Let > 7, ¢, be a convergent series of nonnegative terms. Let (s,) be a
sequence of distinct points in (a,b). Let a(z) := ), cnH(x — s,). Let f be continuous

on [a,b]. Then
b
/ fda= chf(sn>
O

Theorem. Let a: [a,b] — R be differentiable and o’ € R([a,b]). Let f: [a,b] — R
be a bounded function. Then f € R(«) iff fo/ € R([a,b]). In such a case, we have

[P pda= [P f0)a (1) dt. 0

Functions of Bounded Variation

. Definition; computing the arc-length as a motivation.

. Notation V(f, [a, b], P) where P is a partition of [a, b]. If the interval [a, b] is understood,

we simplify the notation as V(f, P). Observe V(f, P) < V(f,Q) if Q is a refinement of
P. Variation V°(f).

Examples:

(a) Any monotone function f: [a,b] — R is of bounded variation and we have V*(f) =
|f(0) = f(a)].

(b) Let f: [a,b] — R be Lipschitz, say, |f(z) — f(y)| < L|x —y|. Then f is of bounded
variation on [a, b].

(¢) Let f: [a,b] — R be continuously differentiable (that is, f’(x) exists on [a,b] and
f’ is continuous on [a,b]). Then f is of bounded variation. In fact, we have

b
VI(f) = / (@) de
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10.

(d) Let f: [a,b] — R be a function. Let a =t; < --- < t, = b be a partition of [a, b].
Assume that f is a constant on each of the subintervals, say, f(t) = ¢; on (t;,tiy1).
Such an f is called a step function. Such functions are of bounded variation and
V2(f) is the sum of |f(t;) — f(t;+)| and | f(t;) — f(t;i—)].

(e) Let v: [a,b] — R? be a parametrized curve. Write v(t) := (z(t),y(t)). Given
a partition P of [a,b] we define V(y,P) := > . ||v(t;)) —v(ti=1)|. (Recall the
motivation.) We say that the curve v is rectifiable if supp V (7, P) is finite. Observe
that v is rectifiable iff both = and y are functions of bounded variation on [a, b].

(f) The function f(z) = zsin(1l/z) for 0 < z < land f(0) = 0 is continuous, bounded
but is not of bounded variation. (Draw the graph of this function to see why.)

. If f:[a,b] — R is of bounded variation, then |f(z)| < |f(a)| + V2(f), that is, f is

bounded.

If f, g are of bounded variation on [a, b] so are f + g and f — g.
VE(f) = 0iff fis a constant.

Vo(ef) = 1el Vo (f).

Total variation of f: [a,b] — R, a function of bounded variation is the function F
defined as follows:
F(z) :=sup V(f, P),
P

where the supremum is taken over all partitions P of the interval [a, z].

Proposition. Let f: [a,b] — R be of bounded variation and F' its total variation.
Then

() 1(2) — FW)] < |F@) - F(y)| for a <z <y <D
(ii) F and F — f are increasing on [a, b] and

(iii) Vi (f) < VP (F).

Jordan’s Theorem. Let f: [a,b] — R. Then f is of bounded variation iff there exist
increasing functions F' and G such that f = F — G. Hint: Take G = F — f where F is
the total variation of f. O

Reference for this topic: Tom Apostol's Mathematical Analysis, Chapter 6 (especially Sec-
tions 6.1 — 6.7)
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Topics for Students’ Seminar.

10.

11.

12.

13.

14.
15.
16.
17.
18.
19.
20.
21.

. Decimal expansion and other expansion to the base of a positive integer a > 2;

The constant e, Fuler’s constant «y; Sequences defined recursively;

Extension theorem for uniformly continuous functions; application to the definition of

z%;

Inverse function theorem; its application to z — z1/™;

. Cauchy’s generalized mean value theorem and its applications to L’Hospital’s rules;

Inequalities: AM-GM; Bernoulli; Cauchy-Schwarz; Holder; Minkowski;
Convex functions; applications to inequalities;

Various forms of the remainder term in Taylor’s theorem; their applications to binomial
and logarithmic series;

Existence of C'*° functions with ‘compact support’;
Riemann’s theorem on rearrangement of series;

Various tests for non-absolute convergence: Abel’s summation formula, Tests of Dedekind,
Abel, Dirichlet with examples; both numerical series and series of functions to be dealt
with;

Everywhere continuous nowhere differentiable functions;

Definition of log(z) := flx %, its properties, exponential function and the definition of
z%;

Weierstrass approximation theorem: Bernstein’s proof, Landau kernel proof;
Sharp forms of ratio and root tests in terms of limsup and lim inf;

Thomae’s function; discussion on points of continuity and integrability on [0, 1];
Hadamard’s formula for the radius of convergence of a power series;

Cantor’s Construction of real numbers using Cauchy sequences;

Dedekind’s construction of real numbers via ‘cuts’;

Functions of bounded variation and rectifiability;

Peano curves; main purpose here is to make the students see applications of p-adic
(binary, ternary) expansions.

Things to be included in this set of notes: improper integrals; more details on functions
of bounded variation;
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