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Theorem 1. If f: [0,1] — R is a continuous function and € > 0 is given, then there ezits a
polynomial p such that |f(x) — p(x)| < e for all x € [0, 1].

Proof. By subtracting f(0) we may assume that f(0) = 0. The idea is to approximate
continuous functions by step functions and the latter by polynomials.

By uniform continuity of f, given any e, we can find ¢ such that whenever d(z,y) < ¢, we
have |f(z) — f(y)| < e. Hence, we can find points z;, where g = 0 < 21 < Zg.... < Tp, < 1 =
Zm+1 so that the step function o(x) := f(x;_1) if © € [z;-1, x;) is such that |f(z) —o(z)| < €.
We may also assume that if s; := f(x;) — f(z;—1) then |s;| < e.

Hiz) = {0 if 2 <0

Let

1 ifz>0

be the modified Heaviside function. Then we have o(x) := }_; s;H (2 — ;) and hence |f(z) —
o(z)| < ein [0,1] and |s;| < e. Thus the problem reduces to that of approximating H.

We recall the Bernoulli inequality: (1 + h)” > 1 4+ nh, for h > —1, n € N. (Proved by
induction on n).

Consider the polynomial Q,(z) := (1 —2™)2". Q,, decreases from the value 1 at = 0 to
Oat z =1:
Q,(z) =2"(1 — 2™ a1 (=1) <0, for 0 <z < 1.

n

Imho<z<g< %, @ tends to 1 uniformly as n — oo, for

1> Qu(r) > Qulg) = (1-¢")* >1-2"¢" =1-(29)" = 1.
In % <qg<z<1, Qn(r) — 0 uniformly as n — oo, since 0 < Q(x) < Q(q),

qu) (1) =1+ (1 =g > 14+ 2% (1 — ¢ > (2¢)" — o

We define P, as follows: P,(z) := Qn(l_Tz), which lies between 0 and 1 for —1 < z < 1.
P, goes to the Heaviside function H uniformly on 0 < § < |z| < 1.



We now choose ¢ such that the intervals (z;—¢, x;+9) are pairwise disjoint and then n very
large so that if >, |s;| := S the inequality |P,(z) — H(z)| < eS™! holds in 0 < § < |z| < 1.

Let P*(x) := ) sjPy(z — xj). Then for every z € (z1, — J,x; + 0) we have:

o(z) = Pl < |sj| - [H(z —x5) — Pl — xj)| + |s| - |[H(z — xp) — Pl — )|
< eSS 4 sy - 1
< 2e.

Hence we finally obtain

[f(x) = P*(2)| < |f(z) = o(2)] + |o(x) — P (2)] < 3e.



