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Let f(X) =co+c1 X+ -+ X" € Z[X] be anonconstant polynomial with integral
coefficients. Observe that n > 1 and ¢, # 0. We say that k € Z is a zero (or root) of
f modulo N if f(k) = 0(mod N). Recall that if R and S are commutative rings with
identity and if ¢: R — S is a ring homomorphism, we have an induced homomorphism
@: R[X] — S[X] defined by ¢(f)(X) := ¢, + ¢(c1)X + --- + ¢(cn)X". Using this
notion, we see that f has aa zero modulo N iff ¢(f) has a zero in Zy.

Let k € Z b a zero of f. Then f has a zero in Zy for every N € IN. (Why?)

Exercise 1. Prove that f has a zero in Zy iff there exists k € Z and m € Z such that
f(k) = mN.

Exercise 2. Let m € Z. Let N := f(m) € Z. Prove that f has a zero in Zy. Can we
conclude that there exist infinitely many N € IN such that f has a zero in Zy? If you
want to conclude this, what do you need to observe/prove

The next result strengthens the result of the last exercise.

Theorem 3. Let f(X) = cop+ 1 X + - -+ + ¢, X" € Z[X] be a nonconstant polynomial. Then
there exist infinitely many primes p such that f has a zero in Z..

Proof. We may assume WLOG that f has not integral roots. (Why?) In particular, ¢y # 0.
(Why?) Let p;, 1 < i < r be the finite number of primes such that f has a zero modulo
each p;. We shall show show that there exists a prime p, different from each of the
pi’s such that f has a zero modulo p. (Does this remind you of anything you learned
earlier?)



Leta := p; - - - prco. We define a new polynomial g(X) € Z[x] via the identity:

faX) =co+craX+ -+ cn(aX)"
= cpg(X). (Why is this possible?)

If we write ¢(X) = do +d1 X + - - - + d, X", then each of the coefficients of the noncon-
stant term dq,dy, . .., d, is divisible by p; ... p,. (Why?) Since g is not a constant (Why?),
there exists an integer m € Z such that g(m) # £1. (Why?) Let p be a prime divisor
of g(m). Note that g(m) = 1((modp);),1 <i <r. Hence p ¢ {p1,...,pr}. (Why?)
We observe that p divides cg(m) = f(am). (Why?) Hence f has a zero modulo p.
(Why?) O



