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Theorem 1 (Weierstrass). Let f, € H(U) for n € N. Assume that f, converges to f

uniformly on compact subsets of U. Then f € H(U). Furthermore, for any k € N, quk)
converges to f%) uniformly on compact subsets of U.

Proof. First of all note that f is continuous on U. Let z € U. Choose r > 0 such that
B(z,2r) C U. Then the closed ball B[z, ] is a closed and bounded subset of C and hence
is compact. Hence f,, — f uniformly on B[z,r]. Hence f is continuous on Bl[z,r| and in
particular at z.

Let zp € U and r > 0 be such that B[zo, r] CU. Let z € B(zo,7). Let y(t) := 2 + re®t,
0 <t < 2m By (??), we have fo(z) = 5 I JZE u;) dw. Since [v] is compact, and z ¢ [v], we
have € := d(z,[7]) > 0.

Since [v] is compact, f, — f uniformly on [y]. Also, the function (w — z) is bounded away
from zero: |w—z| > € so that if g := ﬁ, then |g| < 1/e, and hence g is a bounded function.

fow) _, f(w)

It is now easy to see that f,g — fg uniformly on [y]. Hence <= ~ uniformly on [v]

Hence f(z 2m f,y fu (wz dw. Now, f is holomorphic on B(zy,r) by earlir theorems.

As argued above, we see that

uniformly on [y]. Hence

n! fa(w) n! f(w)
27rz/7 (w — z)kt1 - 27r2[Y (w — z)k+1

From CIF for derivatives, it follows that f,gk)(z) — f®)(2) for every z € B(z,r). However
the uniform convergence is not established. So we argue more carefully as follows.

In view of CIF for derivatives, we have

fr(zk)(z) —f(k)(z) — :;/M z € Bz, 7).

(w _ z)k—i—l
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If z € B[z, p|] with p < r, (for example, p = r/2) then we have

k!
1FR (2) — fB)(2)| < ﬂgle%{'fn(tl)) - ]“(11;)(70_27;;]ngl — 0 as n — oo.

Thus f,(Lk) converges to f*) uniformly on closed disks B [20,7].

We claim that fék) converges to f*) uniformly on compact subsets of U.

If K is compact subset of U, then there exist z; € K and r; > 0, 1 < ¢ < n, such that
Blz;ri] C U and such that K C U} B(z;,r;). Note that if f,, — f uniformly on A and B, so
does it on AU B. Since we have already shown that f,, — f uniformly on each of B[z, r;],
the result follows.
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